WIDTH OF SHAPE RESONANCES FOR NON GLOBALLY 
ANALYTIC POTENTIALS 

S. FUJIIE 1 , A. LAHMAR-BENBERNOU 2 AND A. MARTINEZ 3 

Abstract. We consider the semiclassical Schrodinger operator with a 
well in an island potential, on which we assume smoothness only, except 
near infinity. We give the asymptotic expansion of the imaginary part of 
the shape resonance at the bottom of the well. This is a generalization 
of the result by Helffer and Sjostrand [HeSj 1| in the globally analytic 
case. We use an almost analytic extension in order to continue the 
WKB solution coming from the well beyond the caustic set, and, for 
the justification of the accuracy of this approximation, we develop some 
refined microlocal arguments in fa-dependent small regions. 
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1. Introduction 

This paper is concerned with the quantum resonances of the semiclassical 
Schrodinger operator in W l , 

(1.1) P = -h 2 A + V(x). 

From the physical point of view, such resonances are associated to metastable 
states, that is, states with a finite life-time, and the life-time is given by the 
inverse of the absolute value of the imaginary part (width) of the corre- 
sponding resonance. 

In the literature, many geometrical situations have been studied where the 
location of the resonances of P has been determined up to errors of order 
0(h°°): see, e.g., [BaMnl IBCD1 
approximated location is at a distance ~ h of the real line with some 
fixed No > 0, then such results automatically produce good estimates on the 
widths of such resonances, too. However, in the physically most interesting 
situations where the resonances are exponentially close to the real axis, only 
very few results give a lower bound on the width. To our knowledge, and 
apart from the one-dimensional case (see, e.g., [Hal IFeLa] ) . the only available 
results are \Bu\ |HeSjl] . In [Buj . a very nice and general estimate is obtained, 
independently of the geometrical situation presented by the potential V. In 
particular, because of its wide generality, such a result does not give any 
precise asymptotic of the width. On the contrary, the result of |HeSjl| 
gives a full asymptotic of the width when the (globally analytic) potential 
V presents the geometric situation of a well in an island, at the origin of 
the creation of the so-called shape resonances. 

The purpose of this article is to extend the results of [HeSjl] to smooth 
potentials that are not assumed to be globally analytic, but only near infinity 
(allowing the definition of resonances by analytic distorsion). In that case, 
we obtain a classical expansion of the first resonance p just as in the globally 
analytic case of |HeSjl| . 

Roughly speaking, a quantum resonance is a complex energie p for which 
the Schrodinger equation 

Pu = pu 

admits a non-trivial solution called resonant state, which is outgoing for large 
x (see §2 for a rigorous definition by analytic distorsion). In the case of shape 
resonances, the resonant state describes a quantum particle, concentrated in 
the well for a long period, but then escaping to the sea (classically allowed 
region outside the island) by tunneling effect. This effect is reflected by the 
width of the resonance p. 

More precisely, let V be the set of points on the boundary of the island 
where the Agmon distance from the bottom of the well xq reaches its 
minimum S. In the semiclassical regime, it happens that almost all the 
tunneling occurs along a small neighborhood of the geodesic curves from xq 
to r. Then, the width of the resonance p is determined by the amplitude of 
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u near T, and the result is, 

lmp{h) ~ -h^(J2h j fj)e- 2S/h mod 0(/i°°)e- 25 / h , 

where nr is some geometrical constant, and /o > (see Theorem I2.3|) . 

In order to prove this result for non globally analytic potentials, we mainly 
follow the strategy of [HeSjl], with some additional technical difficulties that 
we explain now. 

Let W be a bounded domain and (•, -)w, 1 1 ■ \ \w the scalar product and the 
norm in L 2 (W). Then, Im p can be represented in terms of the corresponding 
resonant state u on W, by applying Green's formula to the identity ((P — 
p)u, u)w = 0. This leads to, 

h 2 f du _ 

(1.2) Imp = —- — tt~— Im / —udS, 

\\u\\w Jawdn 

where d/dn denote the exterior normal derivative on dW . The point is that 
if we take for W a small neighborhood of 0, then the contribution from 
the integral of the RHS of (|1.2p is concentrated near T, and the problem is 
mainly reduced to the study of the asymptotic behavior of u near T. 

In the globally analytic case studied by Helffer and Sjostrand in |HeSjl| , the 
first step in order to obtain this asymptotic behavior consisted in extending 
to the complex domain the WKB solutions coming from the well, in such a 
way that one could go round the caustic set (see |HeSj 1| Proposition 10.9). 
In our case, such an analytic extension is no longer possible but, by means 
of almost-analytic extensions, it is still possible to go round the caustic set 
on the condition of staying close enough to the real domain, namely, at a 
distance 0((/iln /i -1 ) 2 / 3 ) of the caustic set. In this way, one can recover an 
(outgoing) WKB expression out of the island, but still at a distance of order 
(Mn/i -1 ) 2//3 from the boundary (see Proposition I4.6P . 

The next step in the proof of |HeSjl| was to use an argument of microlocal 
analytic propagation that, thanks to a suitable a priori estimate, permitted 
to compare the solution u with the previous WKB constructions near T. In 
our case, the analogous a priori estimate can be obtained only at a distance 
0((/iln/i" 1 ) 2 / 3 ) of T (see Proposition . For this reason, the usual results 
of propagation do not apply, and we need to refine them in order to be able 
to work in /i-dependent open sets (see Lemma l6.4p . Then, after a suitable 
change of scale, and still using almost-analytic extensions, the comparison 
between u and the WKB constructions is obtained up to a distance of order 
(/iln/i -1 ) 2//3 of r (see Proposition 16.81 an d Proposition 16. ip . 

The final step in |HeSjl| consisted in replacing u by its WKB approximation 
into (jl.2|) (with W a fixed small enough neighborhood of 0), and in using a 
stationary phase argument in order to obtain the asymptotic of Im p. In our 
case, a similar argument can be used with W = {d(x,6) < |/iln/i| 2 / 3 } , but 
this makes appear terms in h^(lnh) k in the integrand of the right-hand side 
of (|1.2p . However, by slightly changing the choice of W, and by observing 
that the left-hand side of (|1.2|) does not depend on this choice, we can prove 
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that, indeed, the final expansion does not contain terms in (lnh) k , / 
(see (|7.2p and Lemma [73]). 

Summing up, the method consists in the three following parts: 

(1) Extension of the WKB solution constructed at the bottom of the 
well xq up to a neighborhood of F. 

(2) Estimate on the difference between the WKB solution w and the 
resonant state u. 

(3) Computation of the asymptotics of the integral (II. 2D using w instead 
of u. 

Point 1 is performed by solving transport equations along the minimal 
geodesies, and then, by using an Airy integral representation of the so- 
lution near T. In order to recover a WKB asymptotic expansion outside 
0, almost-analytic extensions (or, more precisely, holomorphic approxima- 
tions) are used as well as a stationary-phase expansion at a distance of order 
\hlnh\ 2 / 3 from T. 

Point 2 is obtained by using three propagation arguments. At first, a stan- 
dard C°°-propagation, exploiting the fact that u is outgoing, gives a mi- 
crolocal information on u in the incoming region up to a small distance of 
r. Then, a refined C°° propagation result permits to extend this microlocal 
information up to a distance of order |/iln/i| 2 / 3 of T. Finally, performing 
a change of scale both in the variables and in the semiclassical parameter, 
an analytic-type propagation argument gives the required estimate in a full 
neighborhood of T of size |/iln h\ 2 ^. 

For Point 3, we takeW = {d(x,0) < \hlnh\ 2 / 3 } and we use Green's formula 
as we explained before. Then, by a deformation argument, we show that the 
final expansion does not contain terms in Inh, and actually coincides with 
the expansion obtained in |HeSjl| . 

The article is organized as follows: In §2, we assume conditions on the po- 
tential V and state the main results. In §3, we prove Theorem l2.2| especially 
the global a priori estimate (|2.7p of u. §4 is devoted to the above point 1, 
and §5, §6 and §7 are devoted to the point 2. In §8, we study the point 3, 
and prove the main Theorem 12.31 

We also refer to [LFMJ for a shorter version of some aspects of this work. 

2. Assumptions and Main Results 

Let us state precisely the assumptions on the potential. 

(Al) V £ C°° is real-valued and there exists some compact set Kq C W 1 
such that V is analytic on Kq = M n \i^o and can be extended as a 
holomorphic function on a sector 

D = {x £ C n ; | Imx| < a \ Rex|, Rex £ Kq} 

for some constant <7o > 0. Moreover, there exists a\ > such that 

\V(x)\ = 0(\x\~ ai ) as |Rex|^oo, x £ D. 
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This assumption enables us to define resonances near the real axis as complex 
eigenvalues of the distorted operator Pg of P. Let F(x) € C°°(IR n ,R n ) such 
that F(x) = on the compact set Kq, F(x) = x for large enough and 
|.F(x)| < \x\ everywhere. For small v > 0, we define a unitary operator on 
L 2 (R n ) by 

(2.1) U v <f>(x) = det(l + udF(x))~ 1/2 (j)(x + uF(x)). 

The conjugate operator P v = U U PU- U is analytic with respect to v and we 
can define the distorted operator by Pg = Pig for positive small 6. Then the 
essential spectrum is given by a ess (Pg) = e~ 2ie R+ (Weyl's perturbation the- 
orem) and the spectrum a(Pg) in the sector Sg = {E £ C; —29 < argE < 0} 
is discrete (see |Hu| ) . The elements of a(Pg)r\Sg are called resonances. This 
definition is independent of 9 in the sense that cr(Pg>) D Sg = cr(Pg) n Sg if 
9' > 9, and also of the function F(x). Moreover, if ug is an eigenfunction of 
Pg, it can be proved (see, e.g., [HeMaj ) that there exists u £ C°°(R n ), holo- 
morphic in Do, such that ug = Uigu. Such functions u are called resonant 
states of P. 

The next assumption describes the shape of V{x) in the island: 

(A2) There exist a bounded open domain with smooth boundary, a 

point xq in and a positive number Eq such that 

dV d 2 V 
V(x ) = E , — (x )=0, ^M>0, 

and 

V(x) > E in O\{x }, V(x) = E on 80 

To the well {xq} of the potential, we can associate a Dirichlet problem. Let 
us denote by d(x, y) the Agmon distance associated with the pseudo-metric 
ds 2 = max(V(x), 0)dx 2 , S = d(xo,dO) the minimal distance from xq to the 
boundary of 0, and Bd(xo,S) := {x ; d(x,xo) < S} the open ball centered 
at xo of radius S with respect to the distance d. We consider a Dirichlet 
realization Pd of the operator P on the domain Bd{xQ, S — rj) for sufficiently 
small -n. The following result is due to Helffer and Sjostrand |HeSj2| (sec 
also Simon [Si] for a partial version): 

Theorem 2.1. (Helffer-Sjostrand) Let Xo(h) be the first eigenvalue of 
Pd and ud(x,K) the corresponding normalized eigenfunction. Then \o{h) 
has a complete classical asymptotic expansion with respect to h: 

\ D {h) =E + E x h + E 2 h 2 + ■■■ , 



where E\ = try^^^(xo) is the first eigenvalue of the corresponding har- 
monic oscillator — A + | (^^^■(xq)x,x^ . Moreover, in a neighborhood uo of 
xq, U£>(x, h) can be written in the WKB form: 

(2.2) u D {x, h) = h- n / A a{x, h) e ~ dix °' x)/h , 
where a is a realization of a classical symbol: 

oo 

(2.3) a(x,h) ~^2 aj (x)h j , a (0) > 0. 

3=0 
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In the sea O c , on the other hand, we assume the non-trapping condition on 
the energy surface p (Eq) = {(x, £);p(x, £) = Eq}: 

(A3) For any (sc,£) G p~ 1 (Eq) with x G C , the quantity | exptH p (x,£,)\ 
tends to infinity as \t\ tends to oo. 

Here H p is the Hamilton vector field 

dp d dp d 2£ ^ ^ ® 
p <9£ dx dx d^ dx dx <9£ 

If x G 80, in particular, the only £ G M n such that p(x,£) = Eq is 0, and 
Hp = — VV(x) • J|. Hence (A3) also implies, 

(2.4) W(i) / on 80. 

Under the conditions (Al), (A2), (A3), we have the following theorem (it 
is an analog to our situation of a result due to Heffer and Sjostrand in the 
globally analytic case): 

Theorem 2.2. Assume (Al)-(A3). Then, there exists a unique resonance 
p(h) of P such that h~ 1 \p(K) — Xo(h)\ — » as h — > 0+, and it verifies, 

(2.5) \X D (h)-p(h)\ = 0( e -(2S-W)M). 

Moreover, denoting by u(x, h) the corresponding (conveniently normalized) 
resonant state, one has, 

(2.6) \U D (X, h) - U(x, h)\ = Q( e ~VS-d{x ,x)- e {ri))/h^ 

uniformly in B^xq, S — rf), where e(rf) — > as r] — > 0, and, for any C M n 
compact, there exists Nk G N such that, 

(2.7) ||e»( !e )/Vx,/ l )|| H i (Jf) = 0(^) ) 

uniformly as h — ► 0, where s(x) = oI(xq,x) if x G B,i(a;o,5) and s(rc) = S 
otherwise. 

Finally we assume some conditions on the set dO n Bd(xo,S) and on the 
caustic set C = {x G 0; <i(xo, x) = d(x, 90) + S 1 }. 

The points of the set <90 n Bd(xo, S) are called points of type 1 in |HeSjl| . 
Since they mainly concentrate the interactions between the well and the sea, 
here we prefer to call them points of interaction. 
Our additional assumption is, 

(A4) dO n Bd(xQ,S) is a submanifold T of dO, and S has a contact of 
order exactly 2 with 90 along T. 
We denote by nr (< n — 1) the dimension of T. Then, our main result is, 

Theorem 2.3. Under Assumptions (A1)-(A4), there exists a classical sym- 
bol _ 

i>o 

with /o > 0, such that 

Imp(/i) = -h^ f{h)e- 2S/h . 
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Remark 2.4. In the globally analytic case, it has been shown in [HeSjl 
that f(h) is an analytic classical symbol. In the general case, however, such 
a property is no longer satisfied. 

Remark 2.5. Our arguments can also be applied to resonances of P with 
a larger real part, and give, as in |HeS jl[ Theorem 10.14, an upper bound 
on their width when the corresponding eigenvalue of Pd is asymptotically 
simple. 

3. Proof of Theorem 12.21 

Proceeding as in |CMR| and [Ma2] . we consider the distorded operator Pg 
with 6 = h\n(l/h), constructed with the unitary operator U v as in (12. ip . 
and with F{x) = on some arbitrary large compact set K C W 1 , that we 
can assume to contain 0. Moreover, following the same idea as in |HeSjl| 
Section 9, we also consider the corresponding operator Pg where the well 
has been filled-up, that is, 

P e = Pg + W(x), 

where W G Cq°(0), W(xq) > 0, W > everywhere, SuppVK arbitrarily 
small around xq (in particular, the Hamilton flow of p + W has no trapped 
trajectories with energy Eq). 

Then, proceeding as in [CMR] Section 7 (or [Ma2j Section 4), one can con- 
struct a function tp G C^ (]R 2ri \SuppW / ) such that, 

(3.1) - lmp e (x - td x ip - itd^o.i- td^ + itd x tp ) > -^-hln^/h), 

for some constant Co > large enough, where t := 2Cq9, pg is the semi- 
classical principal symbol of Pg, and the inequality holds for (x, ^) such that 
\Repg(x,Q-E \ ^ (Oy C . 

In particular, by [CMRJ Proposition 7.2, we easily obtain, 

(3.2) We^TvWv^ = Qdhlnhr^We^TiPe - z)v\\ L 2 { ^ n) , 

uniformly for h > small enough, v G L 2 (M n ), and \z — Eq\ « hln(l/h). 
Here T = T\ is the so-called FBI-Bargmann transform defined by (|8.5p . 
This means that the norm of {Pg — z)" 1 is uniformly Q(\h\nh\~ l ) when we 
consider Pg as acting on the space H t := L 2 (R n ) endowed with the norm, 

(3.3) \\v\\ t := W^TvWvpiny 

From this point, one can proceed exactly as in HcSjl , Proof of Proposition 



9.6 (that is, by considering a Grushin problem for Pg, the inverse of which is 
obtained by using the corresponding Grushin problem for Pjy, and by using 
Agmon-type estimates inside the island 0), and, working with ug := Uigu (= 
u on K), one concludes (|2.5p . (Indeed, this proof never uses the analyticity 
of V , but just the fact that one has a good enough control on the resolvent 
of the "filled-up well" -operator.) 

Similarly, (|2.6p is obtained as in the proof of |HcSjl| Theorem 9.9, mainly 
by considering the spectral projector of Pg as in |HeSjl| Formula (9.37) (in 
that case, u must be normalized, e.g., by requiring that \\ug\\t = 1). 
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Moreover, the same arguments also show that, 
and thus, also, 

\We\\LH^\B d ( X0 ,s-v)) = Q{e- {s ~ t,{v))/h ). 

As a consequence, up to some constant factor of the type 1 + 0(e~ s / h ) 
(6 > 0), the normalization of u does not depend on the particular choices of 
K, F, and tpQ. 

Now, we come to the proof of (12, 7p . 

Let xi ^ C^(Bd(xQ, S — 77)), such that xi = 1 in Bd(xo, S — 2rj) (77 > fixed 
arbitrarily small), and let \2 £ C^ D (B t i(xQ, ^(S + r/)), such that X 2 = 1 in 
£ rf (x , - 77)). Setting, 

(3.4) R e {z) := X i(Pd - *) -1 X2 + (Pe ~ z)-\l - X2 ), 
one has (see |HeSj 1 1 Formula (9.39)), 

(3.5) (P -z)Rg(z) = I + Kg(z), 
with, 

K e (z): = [P e , Xl ](P D -z)-\ 2 -W{P e -z)- l {l-x2) 

= [-h 2 A, X i](Pd - z)- 1 X2 - W(P e - zy\l - X2). 

Now, if W is taken in such a way that SuppM^ C B^xq,!]), then, as in 
HeSjl| (in particular the proof of Lemma 9.4), Agmon estimates show that, 

\\K e \\ = 0(e^ s -^ 2h ), 

uniformly with respect to h > small enough and 267, and where £(77) — ► 
as 77 — > 0+ (here, Kg is considered as an operator acting on Ht). In 
particular, we deduce from (13. 5jl . 

(P e - z )~l = R e ( z )(I + 0(e-^ s - £ ^ 2h )). 

Moreover, setting 

(3.6) k:=h]n-, 
by (|3.2p and (|3.4p . for z S 7, we have, 

ll^(*)lk(ff t ) = o(^ 2 + = ®(h- 2 ), 

and thus, we obtain, 

(3-7) ||(P e -z)- 1 |L (Ht) = 0(/7- 2 ), 

uniformly for z £ 7 and h > small enough. 

Now, we consider the Dirichlet realization P^ of P on the /i-dependent do- 
main, 

M h := {x G 6 ; dist(x, 00) > A: 2/3 }. 
We denote by its first eigenvalue, and by the corresponding normalized 
eigenstate. We also denote by dh the Agmon distance on M^, associated with 
the pseudo-metric (V — \h) + dx 2 (so that, in particular, depends on h, 
too), and we set, 

ip h {x) := d h (x,x ). 
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At first, with \i as before, we observe that {P^ — \d)xi u d = (Pd — 
Xd)xi u d = 0(h°°), and thus, by the Min-max principle (and since V > Eq 
on M h ), we have E < X h < X D + 0(h°°) (in particular, X h = Eq + 0(h)). 
Moreover, since xq is the only point of M/j where V reaches its (non- 
degenerate) minimum Eq, and since V - E > 8k 2 / 3 » h near dMh, stan- 
dard techniques (see, e.g., ji HeSj2[ISi] ) show that, actually, A^ = \D + 0(h°°), 
and the gap between Xh and the second eigenvalue of Ph behaves like h. 
Since V — Xh < V — Eq, we also have, 

(3.8) ip h (x) < d(x ,x). 

Lemma 3.1. There exists a constant C\ > 0, such that, for x £ Mh and 
h > small enough, one has, 

¥h(x) > s(x) - Cik. 

where, as before, k = hhih . 

Proof. We set := {x E M h ; ±V(x) > ±X h }. Then, since V(x) - Eq ~ 
fc >> A/j — Eq on dMh, by definition, we have, 

(p h (x) = d h (Ur,x) = inf / - A^|dy|, 

where F x stands for the set of C 1 curves 7 : [0, 1] — > £7^~ with 7(0) € 
and 7(1) = x. Moreover, since A^ = £?o + E%h + 0(h 2 ) > £"0, Assumptions 
(A2)-(A3) imply that W / on = A/J for /i > small enough. Then, 
if ifh(x) < Sh '■= dh(xQ,0), standard arguments of Riemannian geometry 
(exploiting the fact that, in that case, ^(t) remains colinear to V</%(7(f)) for 
any minimal geodesic 7: see, e.g., \Mi\ [HeSj2|. and [Ma3] Section 3) show 
that, for V(x) > Xh, <fh(%) is reached at some minimal geodesic 7 that can 
be re-parametrized in such a way that the map 1 1— ► (^(t), hjft)) becomes a 
nul-bicharacteristic of qh(x,C) := £ 2 ~~ (V( x ) ~ Xh)- In particular, such a 7 
verifies Yf(f)\ = 2y/V( r y(t)) — Xh , and thus, we obtain, 

Mx)=2 r \v(i(t)) ~ \ h )dt, 

Jo 

where T x = T x (h) > represents the time employed to go from to x in 
the new parametrization. Writing Xh = Eq + hfih, where fi^ = E\ + 0(h), 
this gives, 

Vh(x) = 



> 

(3.9) > 

Moreover, since, for x close to xq, we have d(xQ,x) = 0(\x — xq\ 2 ), we see 
that d(Uj~,xo) = 0(h), and thus, by the triangular inequality, d(xQ,x) < 



2 f X (V( 1 (t))-Eo)dt-2T x hfi h 
Jo 



VV(l(t)) - E Q V|-y(*)l 2 + 4hfi h dt - 2T x hn. h 

[ y/V(y) - Eq d\y\ - 2T x hfi h 

J ■y 



d(U h ,x) - 2T x h\i h - 
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/(*) + 4(/(t)) 2 = ^ w > ^ 



d(U h , x) + Ch for some constant C > 0. Combining with (|3.9p . we obtain, 

(3.10) tph(?) > d(x , x) -Ch- 2T x hfj,h > s(x) - Ch- 2T x hfi h , 

still for x verifying (fh( x ) < Sh- Thus, in that case, it remains only to 
prove that T x = 0(ln±). To do so, we set (a; (*),£(*)) := (>y(t), ±j(t)) = 
exptH q (xh,0), where H q (x,£) := (2^,VF(x)) is the Hamilton field of qn, 
and Xh := 7(0) E J7r. If e > is any arbitrarily small fixed number, we see 
that H q (x,£) remains outside some fixed neighborhood of on {(2, £) ; \x — 
xo\ > £, qh(%>0 = 0}. As a consequence, if \x — xq\ > e, the time employed 
by 7 to go from x to the set {y ; \y — xq\ = e} is bounded, uniformly with 
respect to h. Therefore, it remains to estimate the time T employed by 7 to 
go from 7(0) E Uf^ to {y ; \ y — xq\ = e}. Since we stay in an arbitrarily small 
neighborhood of xq, we can assume x(t) ■W(x(t)) > 45 2 \x(t)\ 2 for t E [0, f] 
and with some 5 > constant. Then, setting /(i) := • £(i)/|x(i)| 2 , we 
compute, 

2|g(t)| 2 + x(t) • W(x(t) 
WW 

Therefore, on its domain of definition, the function g(t) := (5 — 
verifies, 

52 _ p §+ f 
and thus, since g(0) = 5" 1 , we easily deduce, 

as long as f(t) < 5, and thus, 

on the same interval. Now, if f{t\) = 5 for some t\ E [0, T), we fix 5\ < 5 
arbitrary, and, for t close to t±, we set gi(t) := (<5i — Using that 

f(t) + 4(/(t)) 2 > 4<5 2 , the same procedure gives, 

as long as /(t) > <5i, that is, 

1 < (J_ _j_ 1 \ p B&(*-ti) _ J_ 
/(t)-*i - 25i 25i' 

In particular, (/(t) — ^i) -1 remains bounded on any finite interval 
where f(t) > Si, and this means that f(t) cannot take the value 5i on [ti, T]. 
Thus, in this case, f(t) necessarily remains > 5 on [ii,T]. Summing up, we 
have proved, 

on the whole interval [0, T]. Since, 



SHAPE RESONANCES FOR NON GLOBALLY ANALYTIC POTENTIALS 11 

and |x(0)| > 8'y/h for some 8' > constant, we deduce from (13. lip . 
In \ X (t)\ > WM) + 2St - J o > ln(6'Vh) + 25t - jf 

and thus, on [0, T], 

(3.12) |x(t)| > 8"Vhe 25t , 

with 5" = 5'e- c \ C 2 := J + °° ^fe. Since 5"Vhe 25t = e when t = 
(25) _1 \n(e / 8" Vh) , we deduce from (|3.12p that, necessarily, one has T < 
{25)- 1 m(e/8' r Vh), and, by (pOT)]) . it follows that, 

(3.13) p h (a:) > s(x) - C(fc, 

for x verifying ifh(x) < Sh, and some constant C[ > 0, independent of x. 
On the other hand, <ph(%) reaches Sh at some point Xh verifying V(xh) = 
Ao = Eq + O(^) (and x^ away from some fix neighborhood of xq), and thus 
dist(xh,0) = 0(h). As a consequence, d(xh,0) = 0(h), too, and thus, 
d(xo,Xh) > S — Ch for some constant C > 0. Therefore, by continuity, 
(I3.13P also proves that Sh > S — C\k with C\ = C[ + C, and it follows that 
(I3.13P is still valid if ifh(x) > Sh (since, by definition, s(x) < S everywhere). 

□ 

Lemma 3.2. There exists a constant No > 0, such that, 

\\e^/ h v h \\ HHMh) = Q(h- N °), 

uniformly for h > small enough. 

Proof. Following |HeSj2|, we set, 

ifh(x) - Ch\mhp h (x)/h] if tp h (x) > Ch; 
(ph(x) — ChmC if ifh(x) < C/i, 

where C > 1 is some constant that will be fixed large enough later on. Then, 
we use the following identity (that is at the origin of Agmon estimates: see, 
e.g., |HeSj2| Theorem 1.1), 

Re(e^ h (P-X h )v h ,e^ h v h ) 

(3.14) = h 2 \\V(e^ h v h )f + ((V - A h - (V0) 2 ) e+' h v h ,efH h v h ). 

Now, if C is taken large enough, by (13.8H we see that Mh H {^(x) > C/i} C 
> Xh}- Moreover, on this set we have, 

V0 = (1 - Ch/<p h )V<p h , 

and thus, using that (V<^) 2 < (V — Xh)+, 

V — Xh — (V</>) 2 >V-X h -(1- Ch/vhf(V - X h ) > Ch^—^. 

Writing again A^ = Eo + fJ-hh with fj, h = E\ + 0(h), and using again (|3.8|) and 
the fact that d(xo,x) < Co(V(x) — Eq near xq (for some Co > constant), 
we deduce, 

V(x) - X h - (V<j)(x)) >Ch— Ch >-^--///A 

d(x ,x) ip h C 



4>{x) :-- 
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on M/j H {iph(x) > Ch}, and thus, taking C large enough, 

Ch 

V(x)-X h -(V^(x)) 2 >—, 

on the same set. Inserting this estimate into (|3.14p . and using that the 
left-hand side is 0, we obtain, 

fr a [|V(e*%0H a + h\\et>/ h v h \\l h > Ch} = 0(\\ef/ h v h f { ^ Ch} ), 

and thus, since <fi < Ch(l — In C) < on < Ch}, we conclude, 

/ l 2 ||V(e^V)|| 2 + / i ||e*/V|| 2 = 0(l). 

Then, observing that e^^ > (h/M) c e' Ph/h with M := sup<p h = 0(1), the 
result follows. □ 

Now, let Xh € C^{M h ), such that X h = 1 on {x £ ; dist(x,dO) > 2/c 2 / 3 } 
and, for all a, d a Xh = O^ -2 '"'/ 3 ) (such a x/i exists because <90 is a hyper- 
surface of M. n ). In particular, XftW^ is in the domain of Pq, and one has, 

Lemma 3.3. There exists a constant N\ > 0, such that, 
1 



(z - Pq) XhVhdz - XhVh 



2m 

uniformly for h > small enough. 



0{h- N ^e' s ' h ) 



Proof. Setting wh := Xh v hi we have, 
(3.15) 

P e w h = P h w h = X h w h + [P,Xh]vh = Xhi»h ~ 2/i 2 (Vx/ l )(Vw/j) - h 2 (Axh)v h - 

Moreover, on the support of Vxh, we have dist(x,<90) < 2A; 2 / 3 , and thus, 
by standard properties of the Agmon distance near dO (see, e.g., below 
Lemma [4~T| and |HeSjl| Section 10), we see that s(x) > S — Ck for some 
constant C > 0. Therefore, by Lemma l3.1|, we also have (ph(%) > S — Ck 
(C = C + Co), and by Lemma l3T2| we deduce from (j3. 15|) . 

\\(P e - X h )w h \\ L2 =Q{h- N e- s ' h ), 

with some constant N > 0. As a consequence, since ipo is bounded and T is 
an isometry, := (Pq — \h)Wh verifies, 

(3.16) ||r h || t = \\h- 2Co ^Tr h \\ = Q(h- M )\\r h \\ L i = 0(h~ M ' ' e~ s ' h ), 
with M, M' > constant. Then, writing, 



2^ J \z - Pe^Whdz - w h = -L jjiz-Pe)- 1 -{z-\ h )- v 



w^dz 



(3-17) = -?- / —^r-(z - P^W*, 

and using (13. 7|) and (I3.16p . the result immediately follows. □ 

Using the equation (P^ — Xh)vh = and the ellipticity (in the standard 
sense) of Ph, it is not difficult to deduce from (|3.16p and Lemma I3T21 that, 
for all I > 0, there exists Mi > such that, 

(3.18) \\P$r h \\ t = 0(h- M 'e- s / h ). 
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As a consequence, applying Pg to (|3.17p . we deduce from (|3.18p . 



(3.19) 



Pe (J-J( z - PeY l XhV h dz 



XhVh 



Q(h- N 'e- S / h ) 



for all I > and some Ng > constant. Then, using the ellipticity of Pg and 
the fact that, for all u, \\u\\ L 2 = \\Tu\\ L 2 = Q(h~ M \\u\\t), we deduce from 

rf3~m 



(3.20) 



2^vr / ^ ~ P ^ lxhVhdz ~ XhVh 



= 0(h~ N °e- s / h ), 



for all s > and some constant N s > 0. 

It also follows from Lemmas 13.21 and 13.31 that, 



j\z- Pe^XhVhdzWt = 1 + 0(e 



■6/h\ 



for some 5 > constant, and therefore, we necessarily have, 



a' 



(z - P g ) 1 XhVhdz, 



with \a'\ = 1 + 0(e' s/h ). In particular, by flSMD , 

(3.21) \\u e - a'x h v h \\ H s = 0{hr N ° e~ S ' h ). 

Then, since ug = u on K, f)2 . T[) easily follows from Lemma 13.11 Lemma |3.2| 
and §313) ■ 

4. Extension of the WKB Solution 

Let x 1 G r. In this section, we will extend to a neighborhood of x 1 the 
WKB solution, 

(4.1) w(x, h) « h- n ^a{x, h)e~ d{xo ' x)/h , 

that approximates both the eigenfunction uo(x,h) of Pd near xq (see (12. 2D ) 
and the resonant state u(x,h) (Theorem 12.21) . 



4.1. Extension up to the Caustic Set. The extension in the island will 
be done along the geodesic with respect to the Agmon distance from xq to 



x 1 . 



Let q(x, £) = £ 2 - V(x) and H q = 2£ • d/dx + d x V(x) ■ d/d£ its Hamilton 
vector field. Then, one can see as in HeSjlj that the integral curve j(t) = 
(x(t),i(t)) oiHg starting at (z(0),£(0)) = (a^O) verifies, 

(x(-oo),£(-oo)) = (a? ,0). 

Moreover, its projection on the x-space is the unique minimal geodesic be- 
tween xo and x 1 staying in U {x 1 } (see HeSjl] Section 10 and |HcSj2]). 
If 4>(x) := d(xo, x) — S, we learn from [HeSj2 that <f> is C°° in a neighborhood 
fi of x([— oo,0)), and the Lagrangian manifold, 

A = {(x,V(/)(x)) ; x G O,} , 

is the outgoing stable manifold of dimension n associated to the fixed point 
(x ,0) of ff,. 
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In particular, A is ffg-invariant and contains 7([— oo, 0)). Moreover, since H q 
does not vanish at 7(0) = (x , 0) by (A3), A can be extended by the flow of 
H q to a larger Lagrangian manifold (that we still denote by A) that contains 
7([— oo,0]). The natural projection II : A — * R™ is singular at 7(0), and, as 
shown in [HeSjl] Lemma 10.1, the kernel of dH(x ,0) is a one-dimensional 
vector space generated by H q (x , 0). 

Let us choose Euclidian coordinates x centered at x 1 such that T x i(dO) is 
given by x n = 0, and d/dx n is the exterior normal of at this point. Then 
by Assumption (A3), 

(4.2) V ( x )-E = -C x n + W(x), 

where Co > is a constant and W(x) = 0(|a;| 2 ). In a neighborhood of 
the point 7(0), the Lagrangian manifold A is defined by a real- valued C°° 
function g(x',£ n ) with g(0) = 0, dg(0) = 0, that is, 



(4.3) 



Moreover, there exist real- valued smooth functions a(x'), b{x') and 

vo(x',€n), vi(x',£ n ), such that, 

(4.4) \C(x')\ + \a(x')\ + \b{x')\ = 0(\x'\ 2 ) as \x'\ - 0; 

(4.5) v = vi + 0(|e„ - £001) = ^ + 0(k'l + 

(4.6) g (x',£ n ) = a(x') + b(x>)(a n - + ~^',£n)(£n - £(s')) 3 ; 

(4.7) ^(X'^n) =^ / ) + ^l(^,en)(en-£(x')) 2 . 

All these properties are proved in HeSjl| (pages 136-148) and do not require 
the analyticity of the potential. 

Then, near (x^O), the caustic set C (that, by definition, is the set where <j> 
fails to be smooth, and thus, the set of x for which the roots £ n { x ) °f the 
equation x n = —d^ n g(x , ,^ n ) are not smooth) is given by, 

e = {x; x n + b{x') = 0}. 

It is shown in |HeSjl| Lemma 10.2, that there exists a positive constant C 
such that 

(4.8) <Kx)\e>C(V(x)-Eo). 

(The proof of (|4.8|) does not use the analyticity, but rather the fact that, 
since V\ e > 0, one has |V(V | e ) I = Q(y/V\e)-) 

This estimate together with the assumptions (A3) and (A4) mean that 
0(x)|g is non-negative and quadratic along T, with |p =0. 
Let O be a small neighborhood of 7([— 00, 0]) and let 

(4.9) Cl + = {x G f2; x n + 6(a/) > 0}, = fi\(f2+ U 6). 

Then the phase function —d(xQ,x) = —<j)(x) — S of (|4.ip is a C°° function 
defined in f2_. The symbol a(x,h) can also be extended to f2_ by solving 
successively for dj(x) in f|2.3|) the transport equations (that are first-order 
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ordinary differential equations along the integral curves of H q ), and by re- 
summing the series Sj<o h 3 aj. 

More generally, the previous arguments also permit us to extend w in the 
open set defined as the union of all smooth minimal geodesies included in 
and starting from x$. We denote this set by fi. 

4.2. Extension Beyond the Caustic Set. In order to extend the WKB 
solution w beyond the caustic set, we follow the idea of |HeS j 1 1 and represent 
h n '^e s ' h w in the integral form, 

(4.10) I[c](x,h)=h- 1 / 2 f e- {x ^ n+9ix ''^ ))/h c(x',U,h)d^ n . 

J-y(x) 

For x in close to x , the phase function x n £ n + g(x',£ n ) has two real 
critical points (see (|4.7p ). The steepest descent method at one of these 
points gives us the asymptotic expansion of I[c]. Comparing this with the 
symbol o, we can determine c(x' ,£ n ; h) so that the asymptotic expansion of 
e s / h w coincides with that of I[c] in 

Hence, in order to determine a possible asymptotic expansion of e s / h w in 
O-j-, it is enough to compute it for I[c]. 

If g was analytic with respect to £ n , we would find two complex critical 
points for x G one of them corresponding to an outgoing solution (i.e. 
resonant state). In our C°° case, however, g is only defined for real So 
we will extend g{x' , •) almost- analytically (see Appendix for the definition) 
to a (/i-dependent) small complex neighborhood of = 0. Then, we will 
apply the steepest descent method for x G Cl + sufficiently close to x 1 so that 
the imaginary part of the critical point £ n remains sufficiently small. 
In the following, we carry out the above procedure in several steps. 

4.2.1. Integral Representation in We first determine the C°° classical 
symbol c(x',£ n ,/i) ~ YlJLo c j( x '> Cn)h^ and the integration contour 7(x) for 
x G 

Let x 3 be in close to x 1 and U a small neighborhood of x 3 . The critical 
points of the phase function x n £ n + g(x',^ n ) are the zeros of the function 
x n + -§^{x' ,in)- From (|4.7p . we see that for x G U, there are two real critical 
points (x), £~ (x), and they verify, 

' \x n + b{x')) 



as \x n + b(x')\ — > 0. We define a sufficiently small real open interval 7(2;) so 
that it contains (x) inside as the only non-degenerate minimal point of 
x n S,n + g(x' , Cn)- The minimal value is 

(4.11) <t>(x) = x n £(x) + g(x',£(x)). 

Then by the steepest descent method, we obtain the asymptotic expansion 
as h — ► of I[c\: 

00 

I[c](x,h) ~e-rt x V h J2 b 3( x ) hj > 

j=0 
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for some C°° functions bj(x) denned on U. In particular, 



r(x 
where 

r(x) = \^(x'^))- 



Moreover, the map that associates a sequence of functions {6j(x)}^L on 
U to a sequence of functions {cj(x', £ n )}j*Lo on U = {(x' ,^(x));x £ U} is 
bijective, and we define the function c(x' , £ ra , h) as a realization of the inverse 
image of {aj(x)}Jl by this map. In particular, 



(4.12) CQ{x '^+ {x)) = ] j r M aoix) . 

4.2.2. Extension of c(x' ,£ n ,h) to a Neighborhood of (x',£ n ) = (0,0). The 
symbol c(x',£ n ;/i), previously defined in U, formally verifies, 

(4.13) e 9 ' h {P - p{h))(e- 9/h c) ~ 0. 

Here P = —h 2 A x r — ^ + V(x' , h-^), where V(x', h-S^) is considered as a 

pseudodifferential operator whose action on e~ g l h c is defined by the standard 
asymptotic expansion, 

Vtf,h£.){e-'' h c) := e-9/ h J2^diV(-ds n9 ) 



xd e v [c(x', V )e-^'^/ h ) |, =c „, 



where K(x',£ n ,r)) := g(x',rj) - g(x',£ n ) - (rj - in)d^ n g{x' , £ n ). 
(I4.13D leads us to transport equations, which are also differential equations 
along the integral curves of H q on A. The flows emanating from U covers a 
full neighborhood of (x',£ n ) = (0,0), and thus we have extended c there. 

4.2.3. Critical Points and the Extension of <f>. Let N > 1, k = hlxij-, and 
let be a holomorphic (iV A;) ^-approximation of vq with respect to £ n (in 
the sense of Lemma l8.ip . where vq is the function appearing in (|4.6p . Then, 
setting, 

(4.14) g{x',£ n ) := a(x') + b(x')(U - £(x')) + -£*)(*', ~ &(x')) 3 

we see that g be a holomorphic (Nk) 1 ' 3 -approximation of g with respect to 
£ n , and we look for the critical points of £ n i— > x n £ n + g(x',£ n ), that is, the 
roots of the equation with respect to £ n , 

(4.15) + JL^',^) = o. 

Recalling the definition of vi(x',£ n ) in (|4.7p . we choose a constant ci > 
such that ci < inf^/ i/i, where O' is some fixed small enough neighborhood 

of (x',e„) = (o,o). 
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Lemma 4.1. Let x G + n {x n + b(x') < c\(Nk) 2 / 3 }. Then, the equation 
(14.15)) has two complex roots £~ l (x), Cn*( x ) satisfying 



1 x n + fr(x') 



as x n + b(x') tends to 0, where v\ is a holomorphic (Nk) 1 ' 3 -approximations 
in the ^-variable of v\{x' , Moreover, setting, 

(4.16) fa) = x n tf(x) + ~g{x', £•'(*)), 

one has, 
(4.17) 

Im Vj(x) = 1 (x w + 6(x')) 1/2 V(x n + 6(x')) + 0(x n + 6(x')), 

and there exists e(h) = 0(h°°) real, such that, 

(4.18) Refo) > e(h), 

for all x£n + D{x n + b(x') < Cl (Nk) 2 / 3 } and a E N n . 

Proof. From (|4.14j) . we have, 
(4.19) 

XnU + <]{x', £ n ) = a(x') + X n £ n (x') 

+ (x n + 6(x'))(£„ - £(x')) + \D Q (x' ,i n ){i n - £(x')) 3 , 

(4.20) X n + ^{x',in) =X n + b(x') + V X (x' , £„) (£ n - £(x')) 2 , 

where, actually, ^(a;',^) is a holomorphic (A r /c) 1//3 -approximations in the 
^-variable of u\{x\^ n ). 
We set, 

x n + 6(x') = — z 2 . 

If £ n is a critical point of the phase, the left-hand side of (|4.20p vanishes, 
and one has, 

Since v\{x' , £°(x')) = 1/Cq + 0(|x'|), and V\(x' , £ n ) is holomorphic with 
respect to £ n in {| Im£ n | < (./V/c) 1 / 3 }, for z and x' small enough this equation 
is solvable with respect to £ n , and the solution is given by the Lagrange 
inversion formula, 

Zn=C{x')+Y(x',z), 

with, 

oo 7&— 1 k 

(4.21) Y(x',z) :=E^r(^^'^))~ fc/2 |^=^') |[. 



fc: 



that is holomorphic with respect to z in {|Imz| < ^(Nk) 1 / 3 }. Then, 
taking the sign into account, we have, 



£±(x) = e n (x) + Y(x', ± y /-x n -b(x')), 
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for x G and, 



= e n (x') + Y(x', ±Wx n + b(x')), 
for x G n + n {x„ + 6(x / ) < c x (iVA;) 2 / 3 }. 

We again suppose £ n is a critical point. Then x n £ n + g can be represented 
in terms of x' and z, as, 

(4.22) x n U + g(x', £ n ) = a(x') - - ££(x> 2 - z)z 3 

where u(x', z) is smooth in x', holomorphic in z for {|Imz| < ^cl(Nk) 1 ^}, 
and, 

(4.23) v{x',z) = — 2 +Q(z) 

as 2 — ► 0. Let ®(x',z) be the right hand side of (|4.22|> . Then, for x G S7_, 
the critical value is, 



(4.24) 4>(x) = $(x', V-^n - 6(x')) = <f>[x) + 0(/i°°), 
and, for x G f2+ D {x n + 6(a/) < ci(iV£;) 2 / 3 }, 

(4.25) 4>{x) = $(x', -V»n + &(»'))■ 

In particular, since the functions a, 5 and are all real valued, we have, 

Im 4>(x) = -{x n + 6(x')) 3/2 Re z>(x', -i\J x n + b(x')), 

for x G ^+n{x n + 6(x') < ci(iVA;) 2 / 3 }, and thus, in view of (JOJ) and (|Q5]> . 
the estimate (14.170 easily follows. 

In order to prove (|4.18p , recall that <ft is solution of the eikonal equation, 

2 



By (|4.24|) . this implies that $ verifies, 



d$ db 1 d$\ 2 ( 1 d$\ 2 , , 



for z real close enough to 0. Since in addition dQ/dz = 0(|z|) by (|4.22|) . we 
see that the left-hand side is holomorphic in z for {|Imz| < y/ci(Nk)V 3 }, 
and thus, returning to the x variable, we easily deduce that <f> verifies, 

(^j -V(x) + E = Q(h°°), 

uniformly for x G f2+ PI {x n + 6(x') < ci(Nk) 2 ^ 3 } and h > small enough. 
In particular, taking the imaginary part, we obtain, 

(4.26) VIm<£(x) • VRe4>(x) = 0(h°°). 

Then, following |HeSjl| , we take local coordinates (y 1 , y n ) such that {x n +b = 
0} = {Un = 0} and V(x n + b) ■ V = d/dy n . In view of (|4.17p . we obtain, 

v im^(x) • v = - , =L= = y l J 2 ^- + £ o(yn)^-, 
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and the vector field V Im 4>(x) ■ V can be desingularized at y n = by setting 

1 /2 

(z',z n ) := (y',y n ), leading to, 

Vim fa) ■ V = (- - ) + OW) ^- + E 0(^)^7- 

Therefore, using (|4.8|) and (|4.26p . we immediately deduce (|4. 18[) . □ 

4.2.4. Modification of I[c]. Let us introduce the notation: 

(4.27) n(ei, e 2 ) = {x G H;ei < x n + b(x') < e 2 } 

for two real small numbers < £2- We want to extend I[c], which is so far 
defined in Q(-6,Q) for some 6 > 0, to ci(iVA;) 2 /3). 
If x G fi(0,ci(7VA:) 2 / 3 ), then by Lemma EH |Im^(x)| < (Nk) 1 / 3 . We 
modify the integration contour 7(2;) in (|4.10p within this complex strip so 
that it remains to be a steepest descent curve passing by Cn % ( x ) f° r x 
Q(0, c\(Nk) 2 ^ 3 ). A careful observation of the real part of the phase as in 
HcSjl] gives the following lemma: 

Lemma 4.2. Let 5 > be small enough. Then, for x G f2(— S, ci(Nk) 2 ' 3 ), 
there exists a piecewise smooth curve r )N(x, h) in a small complex neighbor- 
hood of £ ra = £n(x') satisfying the following properties: 

(i) : jjsr(x,h) is included in a band {£ n G C;|Im£ n | < (Nk) 1 / 3 } and 
the extremities are independent of x (i.e. fixed when h is Gxed). 

(ii) : If x G 6, 0), 7at(x,/i) contains (a;), and along (x, h), one 
has, 

Re(x n £n + s(x',£n)) " <Xx) > <Jl(|x n + + |£ n " C(*)l)l£n " £ (*)? 

for some constant 5\ > 0. Moreover, |£ n — (x)\ > di(Nk) 1 / 3 at the 
extremities of 7at(x, h). 

(iii) : If x £ Q(0,c\(Nk) 2 ^ 3 ), j^(x,h) contains ^~ l (x), and along the 
contour jn(x, h), one has, 

Re(x n ^n + ~g(x',tn) ~ k x )) > h(\x n + b(x')fi + |£ n - £\x)\)\£ n - Z-\x)\ 2 

for some constant 5\ > 0. Moreover, |£ n — £^ l (x)| > 5i(Nk) 1 ^ 3 at 
the extremities of ^n(x, h). 

Now, we also define a holomorphic (iV A;) ^-approximation c(x' , -;h) of the 
symbolc(x', •; h) by writing c ~ Sj>o ^Cj, by taking a holomorphic (Nk) 1 ^ 3 - 
approximation dj of Cj, and by re-summing the formal symbol ^2j>oh J Cj 
(note that here, each Cj depends on h, but in a very well-controlled way). 
With these c(x' , •; h) and 7at(x, /1), we define the modified integral represen- 
tation of e s / h w by the formula, 

(4.28) I N [c](x,h) = h- 1 / 2 f e-^" + ~ 9(x '^ ))/h c(x',£ n ;h)dU- 

J-y N (x,h) 

Lemma 4.3. There exists a constant 82 > such that, for x G f2(— 5, 0), 
and for all N > 1, one has, 

d° (l[c}(x,h)-I N [c}(x,h)) = Q{h^-l/2-\ a \ e -^x)/hy 
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Proof. By definition (c, g) and (c,g) coincide on the real, up to 0(h°°). 
Therefore, substituting the real contour "f(x) to 7jv(x, /t) in the expression 
of In[c](x, h), we obtain an integral Jn(x) that coincides with I[c](x, h) up to 
0(/i oo e -< ^ :E )/' 1 ). Then, modifying continuously 7(2) into 7at(x,/i) in Jjy(x), 
we recover In[c](x, h) up to error terms coming from the fact that j(x) and 
7iv(a;, h) do not have the same extremities. However, in view of Lemma 14.2 
(ii) and the fact that, along 7(2;), the minimum of Re(x n £ n +g(V, — </>(aj) 
is non-degenerate, we see that the deformation can be done in such a way 
that these error terms are Q( e -(<t>(x)+teNk)/h} = 0(h &2N e'^^), with 5 2 



St. □ 



Lemma 4.4. As h — * 0, one has 

(P - p(/l))/iv[5] = 0(^2^- Re <^)/^ 

uniformly in U(—S, ci(Nk) 2 / 3 ). 

Proof. In view of (|4.13p . it is enough to check, 

P(I N [c]) = h- 1 ' 2 f e- x ^l h P{e-~ 9 l h c)dt n + o(h 52N e- Re ^/ h ). 

J~f N (x,h) 

This can be done exactly in the same way as Proposition 10.5 in |HeSjl| , 
with the only difference that, in our case, the values of Re(x n £ n + g) at the 
extremities of 7at(x, h) are greater that Re^(x) + S 2 Nk. □ 



4.2.5. Asymptotic Expansion of Jjv[c]. Here, we fix c 2 6 (0,ci), and we 
study the asymptotic behavior of In[c\(x, h) as h tends to , for x in 
n(c 2 (Nk) 2 ^, Cl (Nk) 2 / 3 ). Setting, 

ld 2 g , _■ 

(= -»V^(^,^(^))(^n + b(x')) + 0(\x n + b(x')\)), 

we have, 

Proposition 4.5. For all integers L, M and N large enough, and for x in 

n(c 2 (Nk) 2 / 3 ,ci{Nk) 2 / 3 ), one has, 

(4.29) 

e -~m/h \ L+ ^ ( h } m 

I N [c](x,h) = —j==- I 2^ (3 m (x) |~^3j +Rl,m,n{x,K) 
with, for any a £ N n , 

A/ /h \it 

\d^R LM ,N(x,h)\ < C Nja h s - N ^Y, C Li 1 {^z) +C L , a h L+L i 

m=0 ^ ' 

— 
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where the positive constant S a does not depend on (L,M,N), while Cjv )Q 
does not depend on (L, M), andCL, a does not depend on (M, N). Moreover, 
the coefficients of the symbol verify, 




(4.31) Pq(x) = V^c (x', i-\x)) = yfrcotf, &(x')) + 0(Vxn + b(x')), 

m (x) = 0(1) (m = 0,l,...) as x n + b(x') -» 0. 
In particular, taking M = 2[Nk/C' L h] with C' L > large enough depending 
on L only, one obtains, 
(4.32) 

-i{x)/h (L+[Nk/C' L h) 

VW) { ^ \r{x) 3 \ 

uniformly for x G Q,(c2(Nk) 2 / 3 , ci(Nk) 2 / 3 ) and h > small enough, and 
where the positive constant Sl does not depend on N large enough. 

Proof. For x G Q.{c 2 {Nk) 2 / 3 , ci(Nk) 2/3 ), setting n = £ n - £~*(x), we can 
write, 

Xnin + g(x', Cn) = ^(x) + r(x)r] 2 + G(x, r/)ry 3 
where G(x,rj) := ^ ^ d^ n g(x', ^{x) + trj)dt is holomorphic with re- 
spect to rj in {|Re?y| < Si, \ lmrj\ < Si(Nk) 1 ^ 3 }, with Si > small enough 
(independent of N). Then, we set, 

f{x)rj 2 + G(x, 7])r] 3 = r(x)( 2 , 

so that fj = rj/f, £ = Q/r verify, 

r)y/\ + G(x,r(x)fj)fj = (, 

where the square root is 1 for 77 = 0. This equation is solvable with respect 
to f), and gives fj = fj(x, Q where the function fj(x, £) is smooth with respect 
to x G £l(c2(Nk) 2 / 3 , ci(Nk) 2 / 3 ) and holomorphic with respect to <f in some 
fixed neighborhood of 0, and |||^ =0 = 1- 
Changing the variables from £ n to £ in (|4.28[> . we obtain, 

i N [c\(x, h) = h -v 2 e -m/h f e -fwe/h F ( Xf £. h \ dC> 

Jr N (x,h) \ r J 

where the contour Tpf(x, h) is such that, 

(4.33) G T N (x, h); Re(r(x)( 2 ) > S 3 \r(x)\ ■ \(\ 2 along T N (x, h); 

(4.34) \(\ > Ss\f(x)\ at the extremities of T^(x, h), 
for some positive constant £3, and where the symbol, 

F(x, C, h) := c{x', t~\x) + r(x)fj(x, ();h)^(x, () 
can be developed asymptotically into, 

with F( holomorphic with respect to C in a fixed neighborhood of 0, and 
Fq(x,0) = cq(x', £~ l (x)). Actually, F^ also depends on N, but using Lemma 
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18.11 (ii) and the fact that \f(x)\ ~ (iV/c) 1 / 3 , we easily obtain that the deriva- 
tives of Fg verify, 

|^| < c] + ^^ 

for some constant Cg > independent of N. 

Now we set y = r(x) 1 ^ 2 ^, where f(x) 1 / 2 is the branch such that r(x) 1 ^ 2 ~ 
e-™/\vx(x n + &)) 1/4 , and, using (|Q3]> - (|Q3| l. we see that a new slight 
modification of the contour of integration gives, 

ft) = e - 7 == / e"^F ( x , » . h ) dy + (e-*K.)'/h) 

for some constants 5$, 5$ > 0. As a consequence, using again that \r(x)\ ~ 
(iV/c) 1 / 3 and writing F = Y^=o F ^ + &(h L+1 ), we obtain, 

Iat[c](», h) 

e -4>(x)/h ( L r S 4 f 3 / 2 , „. . \ 



y/hr{x) 



with some new positive constant 56 . 

At this point, we can proceed with the usual Laplace method in order to 
estimate each term of the previous sum. Writing, 

m=0 m=0 

with |F £ , m (x)| < C £ m+1 and |S M ^| < 2C, M+2 |y/f 3 / 2 | M+1 , we obtain, 



e -fa)/h L M ^3/2 



£(x)//i L M 



.r 



£ =0 m=0 



e -4>(x)/h L [M/2] 1 

(4-35) +4%v( x ) + 4%v(*)), 

with, 

I^W^)! < C Nh SeN + C L h L+l + C A L I+1 (h/Nk) M l 2 M M ' 2 - 

M 

\Rf M , N (x)\ < C N h 5 « N C™ +1 (h/Nkr/ 2 m m / 2 , 

m=0 

for some positive constant 56 independent of (L,M,N), some positive con- 
stant Cn independent of (L, M), and some positive constant Cl independent 
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of (M,N). Similar estimates hold true for all the derivatives with respect 
to x of R { ^ M)N and R { ^ MjN . 
Hence, we obtain (I4.29p if we set, 



x) 3e , 



j+£=m 

and, 



+ Rl!m,n( x ) 



Rl,m,n(x) := h-^ 2 (R^ MiN (x) 

^2 T ( m + 7j) F £,2m{ 



X) -= 



i+m<L+[M /2] 
1>L or m>[M/2] 



In particular, (|4.30j> with a = is verified, as well as the estimates on f3 m (x) 
and, moreover, 

Po(x) = r Qj F (x,0) = V^coix'^-'ix)). 

The estimate (j4.30j) for all a is obtained in the same way. 

Finally, substituting M = 2[Nk/C' L h] into (Oil with a = 0, p2| follows 

by taking C' L > 4C£ , since in that case, we have, 

— 

< 2C Lfi 2- Nk ' c 'L h = 2C Lfi h^ N , 

with 5 L := (In2)/C£, and, 

E ^ m £ E ^ (£) * E «-» = ^.o. 

m=0 m=0 ^ m=0 

□ 

Let us observe that the principal symbol (denoted by do (a;)) of the asymp- 
totic expansion of 7jv[c] is, 



«o(x) = ^= = ^co(x,cm 



and it behaves like, 



as z = —i-\/x n + 6(a;') — ► 0. Recall that the principal term of I[c] for x £ fi_ 
should coincide with oq(x) (see (|4.1'2|) ). that is, 



a o( x ) = J^-TCO^'iCn 0*0)) 



r(x) 



and it has the same behavior (|4.36|) as do(x), as z = \J —x n — b(x') — > 0. 



24 S. FUJIIE, A. LAHMAR-BENBERNOU & A. MARTINEZ 

4.3. Global WKB Solution near dO. The previous study shows that, for 
any point x 1 of T and for any N > 1, the WKB solution w = h~ n / 4l e~ s / h I[c] 
can be extended in a neighborhood of x 1 of the form, 

fijvtx 1 )— J exptV/(cj(xi)), 
-t <t<(Nk) 2 / 3 

where w(xi) is a fixed small enough neighborhood of x 1 in the caustic set C, 
and / is such that / = is an equation of C near x 1 , with {/ > 0} fi 0^ / 0. 
Therefore, by using a standard partition of unity in a neighborhood u>(T) of 
r in C, we obtain an extension wn of uu in an open set of the form, 

-t <t<(Nk) 2 / 3 

where X is any vector-field transverse to C near F and directed towards 
(for instance, one can take X = — VV). 

Moreover, by Assumption (A4) and (|4.8|) (see also [HeSjl] Remarque 10.4), 
we see that, if x G C is such that dist(r,x) ~ (Nk) 1 / 2 , then Rec/>(x) ~ iVfc, 
and thus w N {x) = 0(/ l -"/ 4 e -( s+Re ^/' 1 ) = 0(h 5N e- s / h ) for some constant 
5 > 0. We also observe that, on C, we have d(xo,x) — S = Re^(x) ~ 
dist(r,x) 2 . As a consequence (thanks to (|4,26p ). if we set, 

7(6) := {x G C ; S + Nk < d(x ,x) <S + 2Nk}, 

then, we also have, 

w N = 0(/i W e- s /' 1 ) on 7 +(e):= \J exptX( 7 (e)). 

0<i<(Affc) 2 /3 

Now, for s, to > small enough, we set, 

uj{e) := {x G C ; d(a? , x) < S + e}; 
w + (e,t ):= |J exptA(w(e)); 

0<t<i 

ft(e, t ) := {x G fi ; d(x , x) < S + e} U o; + (e, t ). 

Then f2(e, to) is an open set, and the previous discussion shows that wjy is 
well defined and C°° on fl(2Nk, (Nk) 2 / 3 ), 

(4.37) ^ = 0{h m e~ s/h ) on fi(27VA:, (iV£;) 2 / 3 )\fJ(iV£;, {Nk) 2 / 3 ). 

Moreover, by construction, it satisfies (P — p)wn = 0(h SN e ~i s +' R - e( t > )/ h ) on 
Q(2Nk, (Nk) 2 / 3 ), for some constant 6 > 0. 

As a consequence, if we take a cut-off function \N such that SuppxAf C 
n(2Nk, (Nk) 2 / 3 ), X N = 1 on n(JVfe, ±(iV/c) 2 / 3 ), <9 a X7V = 0(k~ Na ) (for some 
iVa > and all a G N n ), then, setting, 

*JV : = XNWN, 

we see that wn is C°° on {dist(x,0) < 8 (Nk) 2 / 3 } for some fixed 5q > 0, 
and it verifies, 

(P - p)w N = 0(h 5N e-^^ h ) in {dist(x, 6) < 5 (Nk) 2 / 3 }. 
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Summing up (and slightly changing the notations by writing wn instead of 
*23/ 2 A7^ /2 )' we have P roved ' 

Proposition 4.6. For any large enough N, there exists a smooth function 
w N (x,h) e C°°{0 N ), with N := {dist(x,0) < 2(Nk) 2 / 3 }, verifying the 
following properties: 

(i) : There exists a constant 5 > 0, independent of N, such that uni- 
formly in O^r, and for all a E Z™, one has, 

d a W N {x,h) = Q(h-rn ae -{S+n*4>¥))/h^ 

(P - p(h))w N {x, h) = o(h 5N e- (s+Rc ^ x) V h ), 

for some m a > 0, and where (ft is dehned by 4>(x) = d(xo,x) — S for 
x eft, by (gllgp for x G u + (2Nk, (Nk) 2 / 3 ); 

(ii) : In any compact subset of ft, for any M £ N, one has, 

(M 

w N (x,h) = h -n/4 e -{S+<Kx))/h Y^a^x)^ + 0{h M+1 ] 

\j=o 

as h — > 0, where aj(x) are extensions of those given in i2.3]) , and ao 
is elliptic. 

(iii) : In {(Nk) 2 ^ 3 < dist(x, 6) < 2(Nk) 2 / 3 }, for any large enough L, 
there exist C' L > and 6l > independent of N such that 

(4.38) 

(L+[Nk/C" L h] 
Y 0Lj{x)h? + 0(h SLN + h L ) 
3=0 

as h —* 0, with dj (independent of h) of the form, 
(4.39) dj(x) = (dist(x,e))- 3j/2 " 1/4 /3 j (x,dist(x,e)), 

where j3j is smooth near 0, $q(0) ^ 0. 

5. Comparison in the Island 

In this section, we compare the WKB solution wn with the true resonant 
state u inside near a point of interaction x . More precisely we obtain an 
estimate on the difference up to a distance of order (Nk) 2 / 3 of x 1 . 

We use the same notations as in SectionHl Let x £ ft- be a point sufficiently 
close to x . Using the representation formula (14. lip for cj> (see also |HeSjl| 
Formula (10.22)), we see that, 

(5.1) <f>(x) > <f>(x', -b(x')) + (x n + b{x'))e n {x) - d\x n + b{x')\ 3 l 2 , 

for some positive constant C\. Moreover, thanks to Assumption (A4), we 
already know that <fi(x', —b(x')) = (j)\e —K x ')) ^ 5\x'\ 2 with 5 > con- 
stant, and thus, using (|4.4j) . we see that 4>(x', — b(x')) + (x n + b(x'))^(x') > 
near x . As a consequence, we deduce from (I5.ip . 



(5.2) d(xo, x) > S — C\\x n + b(x 



'M3/2 
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In particular, if a; € f2(— (Nk) 2 / 3 , 0), k = hlog 4, we have, 

e -.(x)/h = O^-CiJVg-S/h^ 

The aim of this section is to show a local a priori estimate near a point of 
interaction x 1 (Proposition 15, lj ). and after then, as a direct consequence, a 
global a priori estimate in a neighborhood of <90 (Proposition 15. 2 1 ). 

Proposition 5.1. There exists N% E Z and C > 0, such that, for any 
iV > 0, one has, 

\\u(x,h) -w C N(x,h)\\ Hl{ni _ {Nk)2/3fi)) = 0(h- N2 e- s/h ), 

uniformly as h — > 0. 

Proof. Recall (Theorem 12. 2[) that there exists iVo such that 

||e ,(a)/ V^fc)ll H i(n_) = 0(^ )- 

The WKB solution iocw also satifies the same estimate (see Proposition 
14. 6p . and hence so does the difference, 

\\e s ^ h (u(x, h) - w CN (x, h))\\ Hl{n ) = 0(h- N »). 

In particular, 

\\u(x,h) -wCN(x,h)\\ HHCl _ n{d{xo>x) > S -2k}) = Q{h- N '°e- S l h ), 

for some other constant Nq. 
Now, we set, 

n 1 = n 1 (h) :=B d (x ,s-k). 

Since every point of Q± can be connected to xq by a smooth minimal geodesic 
(with respect to the Agmon distance), the arguments of the previous section 
show that the WKB solution wcn(x, h) is well defined in all of (we use its 
integral representation when x becomes too close to a point of interaction). 
Moreover, it is not difficult to construct Xh E Co°(^i); such that Xh = 1 on 
{d(xo,x) < S — 2k}, < Xh < 1 everywhere, and, for all a E N n , 

d a Xh = o(h- N «), 

for some constant N a > 0. Then, we set, 

w := Xh(x)w C N(x,h), 
and, for N > 1 arbitrarily large, 

0jv(a;) = rain (d(x , x) + CiNk + k(S - d(x ,x)) 1/3 , 

S + (l-k^ 3 )(S-d(x ,x)))) . 

On n(-(Nk) 2 / 3 ,0), by J52J) we have d(x ,x) > S - C x Nk. Therefore, 
0iv( x ) > S there, and it suffices to show that there exists No such that, for 
any N > 1, 

\\e Mh (XhU-w)\\ m(Ql) = 0(h- N °). 



SHAPE RESONANCES FOR NON GLOBALLY ANALYTIC POTENTIALS 27 

We prove it by using Agmon estimates (see lemma [&2l in the appendix). At 
first, we observe that, by construction (and since 4>n < d(xo,x) + (C\N + 
S l l 3 )k), we have (uniformly in VL\), 

{P-p{h))w = [P,Xh}wcN + 0(h SCN e- d ^ ' x ^ h ) 

(5.3) = 0(l Supp vx>- Ml e- S//l ) + G(h sc *-CiN-sV* e -Mh )i 
for some M\ > constant. Moreover, using (|2,7I) . 

(5.4) \\e^/ h (P-p(h)) Xh u\\ L i = \\e^l h [P, X h]u\\ L 2 = ©(/T^e^-^), 

for some other constant M[ > 0, and with, 

F N := sup 4> N . 
SuppVx/j 

Since S— d(xo, x) < 2k on SuppVx/i, we have < S+2(l — k 1 / 3 )k < S+2k, 
and thus, we deduce from (|5.4|) . 

(5.5) \\e^/ h (P - p(h)) Xh u\\ L2 = 0(h~ M t- 2 ). 
Setting, 

u'h ■= XhU - w, 

and choosing C such that SC > C±, we obtain from (|5.3|) - (|5.5p . 

(5.6) \\e*»l h {P-p{h))u' h \\ L i=Q{h- M % 
for some constant M<i > 0, independent of N. 

We also observe, that, on f27/ := Qi(~){d(xo,x) + CiNk + k(S — d(xQ,x)) 1 ^ 3 < 
S + (1 - k 1 / 3 )^ - d(x ,x))}, we have, 

^ N 3(g-rfL))^ ) W(X °' X) ' 

and, on Q+ := nin{d(x , x) + dA r A;+A;( < S-d(xo, x)) 1 ^ > S+(l-k^ 3 )(S- 
d(x ,x))}, 

V(j> N = -(1 - k 1/3 )Vd(x ,x). 

Since k(S — d(xo,x))~ 2 / 3 < /c 1 / 3 << 1, for h sufficiently small we easily 
deduce, 

V - Rep - \V<j) N \ 2 > — _ *^ (V - E ) - (Rep - E ), on 

and, 

V -Rep- \V<p N \ 2 > k 1/3 {V -E ) - (Rep — Eq), on Qf. 

Now, since W ^ on 80, a small examination of the Hamilton curves of 
q = £ 2 — V(x) starting from dO x {0}, shows that, for x 6 close enough 
to dO, one has d(x,80) = 0((V(x) - Eq) 3 / 2 ). Therefore, by the triangle 
inequality, we deduce, 

(5.7) d(x ,x)>S-C 2 (V(x)-E ) 3 / 2 , 

where C2 > is a constant, and the inequality is actually valid in all of 
except for some fixed small enough neighborhood Uq of xq (since V — Eq > 
on 6\{x }). 
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In particular, Uq can be assumed to be disjoint from Qj, and then (|5.T|) 
shows that V(x) — Eq > (fc/C^) 2 / 3 on . Therefore, observing also that 
\p — Eq\ < C 3 h with C3 > constant, on this set, we obtain, 

(5.8) V - Rep -\ V( f )N f>JL--C 3 h>— 

C 2 2C 2 

for h > small enough. 

Moreover, by 115. 7j) . on 0\J7o, we also have, 



> 



3(5-d(a;o,x)) 2 / 3 " 3C 2 2/3 



and thus, if x G il 1 \Z7q, 

(5.9) V-Rep-\V(/ )N \ 2 >^—-C 3 h> 



3C 2/3 " 4C 2 2/3 ' 



for h > small enough. On the other hand, by (|2.5[) and the results of 
|HeSj2| , we know that wn{x,K) is a good approximation of u(x,h) on J7o, 
in the sense that, 

\\e d M/ h U ' h \\mu ) = 0(h°°). 
Since e^l h = 0(h~ Cl N-S 1 / 3 e d(x ,x)/h^ we deduc6i 

(5.10) \\^ N/h u' h \\mu ) = V(h™). 

Now, we apply the identity (|3.14p with u' h , 4>n, Rep instead of Vh,(f>,Ah- 
Using (15. 6p . (|5.8p . (j5.9l) . and (|5.10l) . this permits us to obtain, 

h 2 \\V{e^/ h u' h )\\ 2 + kWe^^u'hf = Q(h°° + h- Ah \\e* N /h u' h \\). 
In particular, 

\\e^l h u' h \\ = 0(/i-( M2+1 )), 

and thus, also, 

[|V(e^/ h <)ll = 0(/»- (Ma+3/2) ), 
and the result follows. □ 

Now, we estimate u — wcn globally in a N, /i-dependent small neighborhood 
Un ■= {x; dist(x, dO) < 2{Nk) 2 / 3 } of the boundary of the island. We show 

Proposition 5.2. There exist N2 £ Z and C > suc/i i/iaf /or any TV such 
that, for any N, one has as h — > 

(5.11) || u - w C N\\m(u N ) = Q(h- N *e- S ' h ). 
Proof. Let C/jv,i be the neighborhood of V in Un defined by, 

(5.12) {Jjv.i = u N nn(Nk,t ), 

with to > small enough. We may assume, 

%c [J nU-iNkf/MNk) 2 / 3 ), 

where ft\ (-(iV/c) 2 / 3 , (Nk) 2 / 3 ) is the neighborhood of each x 1 £ T defined 
by (g2Zf. 
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Then Proposition 15.11 (|2.7p and an estimate of I[c] in the sea mean that 
there exists N2 such that 

(5-13) \\u - w C N\\m(u N>2 ) = 0(h- N *e- s ' h ). 

It follows from ([231) and the fact (U N \U Nt2 ) n B d (x , S) = that 

\W\ HH u N \u N , 2 ) = V(h- N >e- s / h ), 
and since wqn vanishes in Un\Un,2, we obtain (|5.1ip . □ 

6. Comparison in the Sea 

In this section, we give a more precise estimate on vn = e s / h {u — wcn) 
(C > being as in Proposition I5.ip . in a neiborhood Un of 80. We will 
show 

Proposition 6.1. For any L > and for any a £ WL, there exists Nl j(X > 1 
such that, for any N > Ni. a , one has, 

(6.1) d%v N (x,h) = 0(h L ) as h^O, 
uniformly in Un- 

Let x be an arbitrary point on 80. In the sequels, all the estimates we 
give are locally uniform with respect to x G 80 (and thus, indeed, globally 
uniform since dO is compact). 

Here again, we choose Euclidian coordinates x as in §4.11 but centered at x 
such that T$(dQ) is given by x n = 0, and d/dx n is the exterior normal of 
at this point. 

Consider /i-dependent neighborhoods of x, of the form 

(6.2) u N (h) = {x; \x n - x n \ < (Nk) 2 / 3 ; \x' - x'\ < {Nk) 1 ' 2 }, 
where k = h log ^ . 

Let (x(t),£(t)) = exptH p (0,0) be the Hamilton flow passing by the origin 
at time i.e. 

f = 2£, x(0) = 0; 

4 = -f. C(o) = o. 

Recall that, by the non-trapping condition (A3), there esixts, at any point x 
on dO, a positive constant Co = Cq(x) such that the potential V is written 
in the form (j43|) . Hence -% = (0, ...,0,C ) + 0(\x\), and the flow is 
tangent to the £ n -axis. As t — > 0, one has 

x n (t) = C t 2 + 0(t 3 ), £ n (i) = C t + 0(t 2 ), 

(6.4) 

x'(t) = 0(t% e(t) = 0(t 3 )- 

When t — > ±00, on the other hand, \x(t)\ — > 00 by assumption (A3), and 
^ for some ^ e Rn satisfying |£± | 2 = £ by (Al). That is, as 

t — > ±00, 



(6.5) x(t) = 2£,t + o(|t|), £(*)=£, + o(l), |^| = V^o- 



(6.3) 
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In particular, 

(6 6) ( x(t)-m = 2E t + o(\t\) ast ^ ±QO 

(6 - 6) i mi ■ m\ = 2E \ t \ + o(\t\) ast ^ ±o °- 

6.1. Propagation in the Incoming Region. Here , we study the mi- 
crolocal estimate of e s / h u and e s / h wcN independently along the incoming 
Hamilton flow \J t<0 (x(t),^(t)). For the estimate on e s ' h u, we use the fact 
that u is outgoing at infinity and the propagation of frequency set. For that 
of e s / h wcN, we use the result of §4. 



6.1.1. Microlocal Estimate of e s / h u. We first study u = e s l h u. Using the 
Bargmann-FBI transform of (18.51) . we plan to prove that, for some con- 
venient \x > 0, T^u(x,(,,h) is exponentially small for (x, £) close enough to 
(x(— t), £(— t)), t > sufficiently large. Actually, we prove something slightly 
better, namely, 

Lemma 6.2. For any Si > 0, there exist t\ > and /x > 0, such that, for 
all t > t\, one has, 

T^u(x,th) = 0(e- s ^ h ), 
uniformly for (x,£) in a neighborhood of (x(—t), £(—£)). 

Proof. Let F{x) be the function used to define the distorded operator Pq (see 
flEE}), and let \ G C°°(IR + ) verifying x(W) = on ^(Supp^o) U {F(x) / 
x}, x = 1 on [R, +oo) for it! > 1 large enough, x' > everywhere. 
For 5 > small enough, we consider the distortion, 

:= x + iSx(\x\)x, 

and the corresponding distortion operator Us, formally given by, 

U 5 cj>(x) := (det Gs)- 1/2 <t>(G s (x)). 

Then, the distorded operator Pqs '■= UsPgU^ 1 is well defined, and its prin- 
cipal symbol pgj verifies, 

Pe,s(x, = veix, £) if xxmrxiSuppipo) U {F(x) / x}; 

Pdi s(x, o = (i + ioy 2 (dG s (xy l o 2 + ^((i + io)G e (x)) 

if x <£ ^(SuppV'o) U {F(x) / x}. 

Next, we observe that, 

dG 8 {x) = (1 + iS X (\x\))I + *M(x), 

with, 

X'(\x\) 

A(x) = — — (xjX fc )i<j,fc<„. 

In particular, one has (A(x)y, y) = x fe^ (x, y) 2 > for all y 6 R n , and thus, 
it is not difficult to deduce that lm t dGs{x)^ 1 dGs{x)~ 1 < for <5 > small 
enough. As a consequence, we see that, for x £ ^(Supp^o) U {-FX 3 ?) 7^ 
one has, 

lmp e ,s(x,0 < -ef + o((x)- 5 i), 
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and thus, if F{x) and V'o have been conveniently constructed, and using 
(|3.ip . we obtain, 

k 



Impe :5 (x - td x ip - itd^ipo, £ - tdgipo + itd x ^ ) > 



C" 



for some constant C > 0, and for such that | Kepg t s(x, £) + W(x) — 

E \ < {Cl 2 /C. As for P e (see Section 2), this implies that {P e ,s + W - p)' 1 
is well defined and has a norm 0(fc _1 ) on Ht- 

On the other hand, we also know that uq : $ := Usuq = UsUiou is well defined, 
and is in L 2 (IR n ) (see, e.g., |HeMa] ) . Thus, we can write, 

(Pe,8 + W - p)ugj = Wu e ,s = Wu, 

that is, uqj = (Pe,s + W — p)~ x Wu, and thus, 

(6.7) \\u e ,s\\ L 2 iUn) = 0(h- M )\\ue i6 \\t = ©(/T^AT 1 ), 

for some M > constant, independent of 5 > small enough. 
Making in the expression of T^u the change of contour of integration, 

R n 3y^ GeM ■= G 5 (y) + iBF{G 5 {y)), 

we obtain, 



T^u(x, f ) = 



J(x-G Aym/h-K*-GeAy)) 2 /2h Ug ^ dgt dG ,s(y)dy, 



and thus, using (|6.7p and the Cauchy-Schwarz inequality, 
(6.8) 



T M n(x,e) = 0(/i- Ml ) 



,{2ImG 9 , 5 (j/)«+MImG 9 , 5 ( 2 /)) 2 -M(^-ReG e , (5 fe)) 2 }/h 



dy 



for some Mi > constant, independent of 5. 

Now, let R\ >> 1 be some fixed number arbitrarily large, and take t > 
sufficiently large to have \x{— 1)\ > R + 2i?i. Then, for (x,£) close enough 
to f), £(— i)), and setting 5 := 5 + 6, we deduce from (|6.8p . 

1/2 



+0(/i- Ml e-^' 2 / 16?i ) 



.V-as|<|a;|/2 



1/2 



|l/-x|>|a;|/2 

and thus, for 5/fi small enough, (and since \y — x\ > \x\/2 implies \y — x\ > 
|y|/4, and we have ReGgjiv) = V + 0(BS\y\), and |£| remains uniformly 
bounded), 

" 1 1/2 

(6.9) l>(x,0 = 0(h- Ml ) [ e ^yH/h+^8 2 y 2 /h dy 

J\y-x\<\x\/2 

Moreover, if |y — x\ < \x\/2, we have y ■ £ < x ■ £ + |x| • |£|/2, and thus, by 
(|6.6p . and for close enough to (a:(— £),£(— i)), we obtain (possibly by 

taking t larger), 

y • e < -#o*/2. 
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In the same way, using (|6.5p . we also obtain, 

\y\ < 3|x|/2 < 4 v / ^bt, 
and thus, inserting these estimates into (|6.9|) . we find, 

In particular, for any Si > 0, if we first fix /j, > such that Eq > 64^5i, 
then Ri such that nR\/A > Si, then t » 1 such that > i? + 2i?i, 

and finally 5 := (32/xi)~ 1 — 9 = (32/xi) -1 — A;, we obtain, 

= o(/i -Ml e _Bo / 64At ' 1 + e~ Sl/h ) 
= <D(e- Sl/h ), 

uniformly for (x,£) close enough to (x(—t),£,(—t)) and h > small enough. 

□ 

In particular, taking S\ > S, we obtain, 

T^{e s l h u) = Q(h°°) near (x(-ti), 

and therefore, 

where FS(e s / h u) stands for the frequency set of e s ' h u (see, e.g., |GuStj 
IMal] ). Moreover, by (|277|), we know that, for any K C M n \-B d (x , S) 
compact, ||e' S// ' ! "u||^i(x) = 0{h~ NK ) for some Nk > constant. Since 
R n \B d (x ,S) is a neighborhood of ; t > 0}, and (P-p)(e s / h u) = in 

D'(M n \S,i(^0) the standard result of propagation of the frequency set 
for solutions of real-principal type partial differential equations (see, e.g., 
[Mai] Chapter 4, exercise 7) can be applied above this set, and tells us, 

(6.10) (x(-t), £(-£)) i FS{e s/h u) for all t > 0. 

In particular, for any [i > fixed (indepedent of h), for any t > 0, and for 
any K C W l \B c [(xo, S) compact containing (x(—t),£(—t)) in its interior, we 
have (denoting by Ik the characteristic function of K), 

(6.11) T^(l K e s/h u) = (D(h°°) uniformly near (x(-t), £(-*)). 
Now, we set, 

(6.12) Tjvit(x,£) := f e ^-y^/h-^{x n -y n f /2h-{x' -y'f /2h u ^ dy ^ 



where fj, n := (Nk)' 



-1/3 



Lemma 6.3. For any i > 0, for any K C M n \-Bd(:Eo, S) compact containing 
(x(—t),£(—t)) in its interior, and for any N > 1, we have, 

T N (l K e s/h u) = 0(h°°) uniformly near (x(-t), £(-t)). 
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Proof. We write, 

T N (l K e s / h u) = {T N Tt)T x (l K e s / h u), 

and a straightforward computation shows that the distribution kernel Kn 
of TjvT x * verifies (see, e.g., [Mai] proof of Proposition 3.2.5), 

\K N (x,Z;z,0\ = ae-^^- z ^l 2h -^^ 2 l 2h 

xe -( X >- z if/4h-(e-c) 2 /4h^ 

with a = 0(/i~ n ). Then, the result easily follows from the obvious observa- 
tion that, for any fixed S > 0, one has, 



□ 



Now, we fix once for all a compact set K\ = K\P>d(xo, S), where K CC M. n 
is a compact neighborhood of the closure of 0. 

Lemma 6.4. There exists 5q > such that, for any S G (0, So], for all N > 1 
large enough, and for i^r := S^ 1 (Nk) 1 / 3 , one has, 

T N (l Kl e s/h u) = 0(h SN ) uniformly in W(t N ,h), 

where, 

W(t N , h) := {\x n - x n (-t N )\ < S(Nkf 3 , |e„ - U~tN)\ < S(Nk) 1 / 3 , 
W - x'(-t N )\ < S(Nk) 1 / 3 , |£' - ?(-t N )\ < S(Nk) 1 / 3 }. 

Proof. At first, we cut off the function e s l h u by setting 

ui := x+e S/h u, 

where \+ G C°°(IR n ), Suppx+ C {k 2 / 3 < dist(x,6) < 2}, x+ = 1 on 
{2k 2 / 3 < dist(x,6) < 3/2}, and d a x+ = 0(£r 2 H/3) for all a e In 
particular, by (j2.7l) . we have \\(P — p)ui\\l2 = \\ [P, x+] u i Hl 2 = 0(h~ Nl ) for 
some N\ > constant, and, if ?p = ip(x,^) G C^°(]R 2n ) is such that 

(6.13) tt x Supp^ C {3(Nk) 2 / 3 < dist(x, 0) < 1}, sup \ip\ < 2, 
then, for any M > 1, we have, 

h- M *T N (P - p)ui (x,0 = h~ M ^T N [P, x+ ]ui (x, 

and, since \x n — y n \ > (Nk) 2 / 3 for x G ^Supp^ and y G Supp[P, x+] u ii we 
easily obtain, 

\\h- M ^T N (P - p) Ul \\ L 2 = 0(h- N > + h -2M e -» n (Nk)^/2h^ 

that is, 

\\h- M ^T N (P - p) Ul \\ L 2 = Q(h~ N i + h~ 2M+N l 2 ). 
In particular, for M < ^, this gives, 

(6.14) \\h- M ^T N (P-p) Ul \\ L 2=0(h-^). 
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Now, in order to specify the function ip we are going to work with, we first 
make a symplectic change of variables near (0, 0) £ R 2n : 

(6-i5) { y ' : f y ; = _ x e n ~ 

(_ '/ — S ) 'In — sn- 



In this new coordinates, we have 



1 



(6.16) p = V ' 2 - C y n + W(y', y n + — rj 2 n ), 

Now, we fix to > small enough, and we consider the function, 

* M :=fiVn)X {^\) X {^) X (^\ 
where % G Cg°(R+; [0, 1]) is such that, 

Suppx C [0, a], X = 1 on [0, §], -- < x' < on R + , 

for some constant a > small enough, and / E C 3O (M; [0, 1 + to + e']) is 
defined in the following way, 



(6.18) /( S ) = XoM/lOO := xo(s) -Cs - 2C 2 



where C, Ci > are large enough constants, and xo 1S a cut-off function 
such that, 

Xo G C °°([-*o - e, -C^JVA:) 1 ^]; [0, 1]); 

Xo = lon [-t ,-2C 1 (iVA ; ) 1 / 3 ] 

Xo < on [^diNkf/^-diNk) 1 ^]- 

for all £ > 0, x? = 0((iVA;)^l/ 3 ) on [-2d(Nk)^ 3 , -Ci(iVfc) 1 / 3 ]; 
for all £ > 0, x? = 0(1) on [-to - e, -to]. 
This if) satisfies the condition (|6.13j) . since on the support of ip, one has 
Eo - V(x) = V 2 + CoVn - W(y', y n + ±r&) 

> iii-aCoiii + 0{a 2 rj 2 n + i 1 4 n ) 

> \n 2 n >cl{Nk) 2 i* 

for sufficiently small a. In particular, (|6.14p is valid with such a ip. 
Moreover, one has 

(6.19) d^d^dfa = 0((ATA;)-(l Q 'l+2| a n|+|/3|)/3^ 

Therefore, we see that ip satisfies the conditions f|8.6[) - (|8.T[) in the (y', rf)- 
coordinates, with p = 0, and the same conditions in the (y n , ^-coordinates, 
with p = —1/3. 
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Then, by a straightforward generalization of Proposition 18.31 and by using 
flggD and dSH}, we obtain, 

(6.20) k((MH p ^ + q M ^h- M ^T NUl , h- M ^T NUl ) 

= 0(h)\\(r,)h- M ^T NUl \\ 2 + 0(h- N ^\\h- M ^T NUl \\, 
where M < and iVj > 1 is independent of iV. 
In the sequel, we use the notations, 

h ■= Supp0 n {r] n G [-t - e', -t + e']}; 

h := Supp0 n {r] n G [-t + e', -2C 1 (iVA:) 1 / 3 ]}; 

J 3 := Supp0 n { Vn G [-2Ci(iVA : ) 1 / 3 , -^(iVA;) 1 / 3 ]}. 

Let us now estimate \H p ip\ from below on I2 U 13. First, observe that one 
has 

(6-21) \f( Vn )\ < 2 Xo (r?n) 

if to < 1/C) and in particular on /2 U I3, where x'o — 0, one has 

(6.22) 1/(^)1 > (c + 2C ' l2 | ( ^ | 3 )2/3 ^ Xo(%) > C Xo (%). 

Using these estimates, and the expression (I6.17p . we can easily show 
Lemma 6.5. For t < C /2 

(6.23) \H p il>\ > \f'(Vn)\(CoXiX2X3 ~ 0(1/C)). 
where 

i W\ v / life] x / b'l \ 

Xi = X(] — r), X2 = X(] — ja) > X3 = X(, — ,)• 

Proof. One can estimate | Co "01 from below by 

|0)^-V<| > C |/ / (r /n )|xiX2X3. 

One can also estimate 2\r]' -J^ip\, IVW^^I, \rj n \ \^ x n W from above by 
I /'| times a constant of 0(1/C). For example, 

9 I?/ 1 8 

2|?7 ^"7^1 < /X1X21 — HX3I < 4 /XiX3 < 77X1X2 1 /'|, 



using the facts J^l < a, |x 3 | < 4/a, / < 2f'/C. On the other hand, for 



[VVKtJ-VI; one has 



9 d d 

\y\\^— tp\ < a\Vn\\^—ip\ < MIt^— 
orjn orjn or] n 

which is smaller than for sufficiently small to- □ 

Now, let C2 > C\ be another large enough constant. We set, 

fii := (i 2 u / 3 ) n { xo > 77- ; xi > 77- ; X2 > 77- ; xs > 77- 

C-2 O2 O2 O2 

^2 :=(J 2 UJ 3 )\fii. 
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Then, by construction, on VL2 we have by (|6.2ip . 
(6.24) 

Moreover, in a neig hborhood of X N := (0; 0, -ZC^Nk) 1 / 3 ), of the form, 
= {|r/| < 5\ Vn \, \y n \ < % n | 2 , \y'\ < 5\<n n \,\(Nky l l\ n + 3d| < 6}, 
(where 5 > is a small enough constant), we see that, 



-0 < 7T sup / < — . 
02 02 



(6.25) 



ip > ^{X N ) = 3Cd(Nk) 1/3 - 2C\ 



3d 



dt 8 

^ " 9 =: r °' 



and, by (|6.24|) . we can fix C2 large enough, in such a way that, 



(6.26) 



sup-0 < -r . 
n 2 1 



On the other hand, by (|6.22|) . (|6.23|) . on U\, we have, 



(6.27) 



\m > ^1/1 > || 



C + 



2C 1 2 (iV£;) 2/3 



Using the expression of qu^ deduced from Proposition EH and the fact that 
here, p(x, £) = £ 2 + V(x), we have 



Lemma 6.6. As h 

(6-28) q Mi> 



0. 



-2fcMVA n V>%> + 



ln(l/7i) 

In particular, on Oi, /or M/N sufficiently small, one has 



M 



(6.29) 

Proof. Taking into account that 

daJl/} = Oik- 1 / 3 ), d 9 J, = 0{k' 2 ' 3 ), 

%V = Oik- 1 / 3 ), d^ip = 0(k~ 1 / 3 ), 

and hence that 

d z ^ = o{k- 1 ' 3 ), ^- 1 d z ^ = o(k' 1 / 3 ), 

we see that for p = £ 2 + F(x), 

lmp(x - 2kii~ 1 d z ^,li + ikd z ^) = kH p ^ - 2k 2 ii n d Xn i>d^ + 0(^/3), 
and that 



hd z 



hd : 



1 dp 



fi d Re x 
1 d% 



: dp 
J dRe£ 



fi d Re x 
dp 



(x-2kn 1 d z ^,i + ikd z ^) 
(x,0 + 0(h). 



(x,£) is real, we obtain (|6.28j) . 
from flOfl) a 

d Vn tp = 0(1% 



Since <9 2fl ^-g^^ - '-^Re^ 

The estimate (I6.29P follows from (16.280 and (|6.27l) . because using the esti- 
mate 
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one sees that 

M (Nk) 2 / 3 
kM 2 (i n d Xn ^d^ = C— ■ M— — jg— , 

N \r] n \ 6 

for some constant C independent of M, N. □ 
Thus, still by (16~2T1) . 

(6.30) \MH p ^ + q Ml p\> on fix. 

Now, we turn back to (|6.20p . that we rewrite as, 

((MHpiP + qM^h-^Txu^h-^TNm)^ 

= -{(MH p ip + q M ^)h- M ^T NUl , h~ M ^T NUl ) hun2 

+0(hk~ 1 \\( V }h~ Mi 'T N u 1 \\ 2 + h^k^Wh-^TjvmW), 

and thus, since MH p ip + = 0(h~ Ns ) for some N3 > 1 constant, and r\ 
is bounded on Supp-;/', 

((MH p i; + q Mi ,)h- M ^T NUl , /T^T^m 

= 0(h- N3 \\h- M ^T NUl \\j lVn2 +^- 1 ||/ i - M ^T JvUl ||^ 1 ) 

+0(hk- 1 \\( v )T N u 1 \\ 2 + h-^k^Wh-^TNUiW), 

Using (|6,3Up . we deduce, 

+0(/i^ 1 ||(7 ? )T Jv u 1 || 2 + h^k- l \\h- M ^T NUl \\), 
and thus, since hk^ 1 = | lnft,| _1 — » as h — » 0+, 

+0(Mr 1 ||(? ? >T A ru 1 || 2 + fc-^fc- 1 1 l^-^Tjvm 1 1), 

uniformly for h > small enough. Therefore, setting N4 = max (^3, N\ + 1), 
we obtain, 

< Ch- N *(\\h- M ^T NUl f huQ2 + \\(0T NUl \\ 2 ), 
for some positive constant C, and thus, 

\\h- M ^T NUl \\ ni < C'h- N *(l + \\h- M ^T NUl \\ hu n 2 + \\(0T NUl \\), 
for some other constant C > 0. 

In particular, since Wat C fii and ||(£)Tjvui|| = ||ui||#i = 0(1), 

\\h- M ^T NUl \\ WN = (D(h-^)(l + \\h~ M ^T NUl \\ IlUn2 ) 

= Q(h- N *){l + U/r^Tjvmlln, + /i-^HTjvmll/J 

Then, using Lemma [6.31 we see that HT/yui^ = 0(h°°) if a has been taken 
sufficiently small, and thus, using (|6.25p - (|6.26p . we obtain, 

h- Mr °\\T NUl \\ WN = Q(h- N *-% r °), 

that is, 

(6.31) \\T nUi \\ Wn = Q(h- N *+f r °), 
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where the estimate is valid for N large enough, M/N small enough, and is 
uniform with respect to h > small enough. This completes the proof. □ 

6.1.2. Microlocal Estimate of e s ^ h wcN ■ Now, we study the microlocal be- 
havior of the WKB solution wcn m W(tjv,/i). For N > 1 arbitrary, we 
denote by xn a cut-off function of the type, 

(6.32) XjV (x) := xo ^ J XO ^ J , 

where the function xo £ Co°0^+> IP) 1]) verifies xo = 1 m a sufficiently large 
neighborhood of 0, and is fixed in such a way that xn(x) = 1 in {\x n — x n \ < 
\x n (.-t N ) ~ x n \ + 25{Nk) 2 / 3 ; \x' - x'\ < \x'(-t N ) - x'\ + 25(Nk) 1 / 2 } (here, 
tjy and S are those of Lemma l6.4p . Then, setting, 

■= ^B d (x ,S)CXNW C N, 

(with C > fixed large enough, as in Proposition 15 . 1 p . we have, 

Lemma 6.7. For any L E N large enough, there exists 5l > such that, 
for any 5 E (0, 8£\, for all N > 1 /arye enough, and for t^ := 5^ 1 (Nk) 1 ^ 3 , 
one has, 

T N (e s/h w N ) = 0(h SN + h L ) uniformly in W(t N , h). 

Proof. Let x l { r ) S (R + ; [0, 1]) be a cut-off function such that x 1 = 1 for 
< r < 2(5 and x 1 = for 3<5 < r and set, 

Xf , (\x n ~ x n (-t N )\\ f\x'-x'(-t N )\\ 

Xn(*) ■= xi [ {Nk)2/3 ) xi [ {Nk)l/2 ) ■ 

We write, 

T N (e s / h w N ) = T N (e s ' h x l N w N ) + T N (e s ' h (l - Xn)wn) =: h + h 

First we study h- We have \x n - y n \ > 5(Nk) 2 / 3 or \x' — y'\ > 5(Nk) 1 / 2 
if \x n - x n (-t N )\ < 5(Nk) 2 / 3 , and \x' - x'(-t N )\ < S(Nk) 1 / 2 , and y G 
supp(l — Xn)- Hence, there we have 

e ~fJ,„(x n -y n ) 2 /2h-(x' -y') 2 /2h < foS 2 N/2 

With the estimate of e s / h WN in Proposition 14.61 (i), we deduce, 

\I 2 (x,H;h)\ = 0(h 52N /% 
uniformly for (x,£) G W(t]y,h). 
Next we study I±. Since 

Suppxjv C n(c 2 (Nk) 2 / 3 , Cl (Nk) 2 / 3 ) for some ci > 
C2 > 0, we can use the WKB expansion (14.380 . that we prefer to write in 
the coordinates z' = y', z n = y n + b(y') as in (j4.32p . Using also (I4.22|) and 
(|4.25p . we obtain, 

e S/h w N {y; h) = h^^e-^' > Zn),h A{z' , z n ; h) + 0{h &LN + h L ), 

where 

z n ) = a(z') - b(z')e n (z') + tl{z')z n - iD(z\ -iz 1 ^ 2 , 
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L+[Nk/c' L h] ~ , _. 1/2 

i=0 )V^+^ 

with v(z' ,—izl/ 2 ) and fj(z',—izn 2 ) holomorphic with respect to z\[ 2 for 
|^ n | < d(Nk) 2 ^, and £>(0, 0) = (see (023]), (03])). In particu- 

lar, on Suppxjv) we have, 

(6.33) \A{z',z n -h)\ =0((Nk)- 1 / 6 ). 
Now, I\ is written as, 

h{x,Z\h) =h~ n/i [ e i ^ x ' z '^ /h d{x,z;h)dz + 0(h 5LN + h L ), 

with 

lp(x, Z, £) = (x 1 - z') ■ £' + (x n - Z n + &(2'))£n + ^n) 

+i(x' - z') 2 /2 + i/i n (x n - z n + 6(z')) 2 /2; 

z; /i) = Xat^', z n - b(z'))A(z, z n ; h). 
By the change of scale, 

x> = (Nk) l / 2 x ! ■ x n = (Nk) 2 / 3 x n ; 

(6.34) z' = {Nk) 1 ' 2 ? ; z n = (Nk) 2 / 3 z n ; 

= (Nk) 1 / 2 !;' ; = (Nk) 1 / 3 ^, 

and setting 

(6.35) /i := (Nk)- l h (« 1), 
ii becomes, 

+0(/ i ,5 ^ + /i L ), 

where 

$ = + ^ VCo"4 /2 + " -2) 2 /2 + a(z') + 0((iVA:) 1 / 3 ), 

with a(z') = 0(|z'| 2 ) real-valued, and d(x,z;h) is a smooth function in z 
supported in 

(6.36) {\z n - C 5~ 2 + 0((iVA:) 1 / 3 )| < 35} n fls 7 + 0((iVA:) 5 / 6 | < 3<5}, 

(recall from and (03D that x(-tjv) = (0((NA;) 4 / 3 ), Co<5- 2 (iV£;) 2 / 3 + 

0(Nk)) and a(z'), &(z'), ££(z') are real-valued functions that are Odz'j 2 )). 
Moreover, d satisfies the same estimate as (I6.33p . and it is holomorphic with 
respect to z n in a (/i-independent) small neighborhood of z n — x n . 

Then it suffices to show, 

(6.37) Re > 5, 

dz n 

for some positive constant 5 independent of h and N. Indeed, in that case, 
a standard modification of the integration path with respect to z n around 
z n = x n to the upper complex plane with small enough radius, shows that 
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1\ = 0(e~ 5 / /l ) as h — ► 0, with another constant 5 > 0, and this means that 
I x = 0(> 5iV ) as /i -» 0. 

The fact that (I6.37|) holds for z in the support of d (where (|6.36p holds) and 
(a;,C) £ W(ijv, fo) follows from, 

Re H = -| n + VCb^ /2 + O^) 1 / 3 ), 

and the estimates (I6.36f) and — £ n > Co<5 _1 — 5 implies 

This completes the proof. □ 

6.2. Propagation up to the Outgoing Region. Now, for N > 1 large 
enough, we set, 

vn ■= Xnv = XNe S/h {u - w C n), 

where \N is as in (|6.32ft . and C > must be fixed large enough as in 
Proposition 15.11 Lemmas 16.41 and 16.71 imply that for any L large enough, 
there exists 5l > such that for any N > L/5l, 

(6.38) T N (v N ) = 0(h 5N + h L ) uniformly in W(t N , h), 

where 5 > is a fixed small enough constant independent of N, L, and 
1 7v = 5~ 1 (Nk) 1 ^ 3 . Moreover, since Re(f> > —C\Nk on SuppxAf (for some 
C\ > constant), we deduce from Proposition 14.61 that, if C > has been 
chosen sufficiently large, then, 

(P - p{h))v N = [P, X N]e S/h (u - w CN ) + 0(h 5N ). 

Now, we introduce the (JV, /independent distance djy, associated with the 
metric, 

I dx I , T) 



Nk (Nk) 4 / 3 ' 
Then, using Proposition 15.11 we see that if 

(6.39) dw(x, SuppVxAf) > e 

for some fixed e > 0, thanks to the Gaussian factor in the definition of T/y 
(see (I6.12p for the definition), we have, 

T N (P-p(h))v N (x,0 = 0(h- N ^ N / 2 ), 
for some iVs > independent of N, and thus, 

(6.40) T N (P-p(h))v N (x,0 = 0(h £2N/ % 

for all N large enough, and uniformly with respect to h > small enough 
and (z,£) G R 2n verifying (16331) . 

Still working in the same coordinates (for which x = 0), we consider the 
(h, A r )-dependent change of variables, 



x 



{x\ x n )^x = (x', x n ) := ((Nky^x', (Nk)~ 2 / 3 x n ), 
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and the corresponding unitary operator Um on L 2 (M. n ). Under this change, 
the function vn is transformed into, 

v N (x) := U N v N (x) = {Nk) n l A+1 / 12 v N {{Nk) l l 2 x',{Nk) 2 / 3 x n ), 

and one can check, 

(6.41) Tv N (x,i;h) = Cl (Nk)~ n ^ 12 T N v N {A N (x,0;h), 

where T = T\ is the standard FBI transform defined in (|8.5p with c\ = 

2- n / 2 (vr/i)- 3 "/ 4 , and, 

A N (x,£) := ((Nk^x', (Nk) 2 / 3 x n ; (Nk) 1 ' 2 ^ (Nk) 1 / 3 ^); 
h := h/(Nk) = (Nln^y 1 . 
Then, setting, 

(Nk)- 2/3 (P -p)=:P = -(Nk) 1/3 h 2 A £ , - h 2 dl n + V(x), 

with, 

V(x, h) : = {Nk)- 2 ' 3 V{{Nk) l/2 5c', {Nk) 2 ' 3 x n ) - {Nk)- 2 ' 3 P 

= -C x n + (Nk)~ 2 / 3 \E - p{h) + W({Nk) 1 / 2 x', (Nk) 2 ' 3 x n ) 

we deduce from (I6.4ip that (I6,40|) becomes, 

(6.42) TPv N (x,i;h) = 0( Cl (Nk)-^ e~ £ ' '' /4 ~ h ) = 0{e~ £2/6 ~ h ), 

for any N > 1 large enough, and uniformly with respect to h > small 
enough and (x,i) € M 2n verifying rfP9D . (Here, we have used the fact that 
Nk = h/h = h- 1 e- 1 ^ N ' h \) 

Moreover, setting, 

p(x,i) := (Nk) 1 ^ 2 + | 2 +V(x,h) = (Nk)- 2 ^poA N (x,i), 
a direct computation shows that, for all t G R, one has, 

expiHp = Ajf 1 o (exp(Nk) 1/3 tH p ) o A N . 
As a consequence, still using (16.4ip . we see that (I6.38P can be rewritten as, 
(6 43) Tv N (x,i;h) = ci(iV£;)- n / 4 - 1 / 12 0(e- 5 /' 1 + e - &L l' h ) 

uniformly in the tubular domain 
(6.44) 

W(h):={ \x n -x n (-S- l )\<6, \L-U-S- l )\<6, 



\x' — x! 



< 8(Nk)~* , |f' - £' (-S- 1 )] < 8(Nk)-*}, 



where (x(i),£(i)) = exptHp(0,0). 

Moreover, using (|2.7p . Proposition EU and the properties of wcn in the sea, 
we see that there exists Ni > 0, such that, 

(6.45) ||%Hhi = 0(h- Nl ) = (D(e Nl ^ N ~V). 

In particular, for any e > 0, one has Hwjvllir 1 = Q(e e ' h ) when N is large 
enough. 
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Now, we are in a situation very similar to that of the propagation of analytic 
singularities, except for the fact that the symbol of P is not analytic. How- 
ever, denoting by Wn a holomorphic C(iV£;) 2 / 3 -approximation of W near 
(in the sense of Lemma |8. 11 and with C > sufficiently large), and setting, 

W N (x) := W N ((Nk)^ 2 x', (Nk) 2 ^x n ); 

V N (x) := -C x n + (Nk)- 2 / 3 [E - p{h) + W N (x) 

P N := -(Nkf'WAv - h 2 dl n + V N (x), 

we deduce from flg52D , dS35D , (and, e.g., the fact that (Nk) N = h~ N e~ l / h = 
OAr(e~ 1 / 2 ' 1 )), that, for any e > fixed small enough and for any N > 1 large 
enough, we have, 

(6.46) TP N v N (x, i; h) = N (e~ e ' ''/ 6h ), 

uniformly with respect to h > small enough and (x,£) £ M? n verifying 
(|6.39p . which can be expresses as 

(6.47) \x'\ <\x'(-5- 1 )\+25 -e, \x n \ < ^(-(T 1 )! + 25 - e. 

Now, by construction, the symbol of P/v is holomorphic in a (arbitrarily 
large) complex neighborhood of (0,0), and since Eq — p(h) = 0(h) and 
d a W(x) = ( 2— 1"!)+ ), we see that the total /i-semiclassical symbol Pn of 
Pn verifies, 

PN(x,i) = H - C x n + (iVA0 1/3 (l') 2 + (Nk^OQxf + (Nlnl/h)- 1 ). 
that tends to, 

Po(x,i) := l 2 n - C x n , 

as h tends to 0. In particular, po does not depend on N, and the point 
exp(-^ 1 iJp(0,0)) tends to exp(-<5- 1 i?p (0, 0)) as h 0+. 

From now on, we fix e > small enough and the cut-off function xo i n such 
a way that dist^^exp tHp (0, 0)), Supp Vxo) > 2e for all t S [—6 ,8 ], 
where 5 is the same as in (|6.43p . 

Then, modifying the proof of the theorem of the propagation of analytic 
singularities (see, e.g., |Sjl| Theorem 9.1, or |Malj Theorem 4.3.7), we can 
show that, in our case, the estimates (|6.45p . (|6.43p and (|6.46p imply 

Proposition 6.8. There exists a constant 8± > independent of L, such 
that, for all L large enough (and N = L/8l), one has, for h > small 
enough, 

(6.48) Tv N {x, i; h) = 0(e- Sl&Ll ' h ) 
uniformly in V(8\) = {x; \x\ < 5\} x |f; (Nk)^\£'\ + |f n | < Sxj. 
Proof. As in (|6.15p . we make a symplectic change of coordinates 
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which leads to 

d 

(6.50) po = -C y n , H po = C — . 

For positive constants a, b, c, d with b < a and a, (5 with a < 2/3d, we take 
/ G Cg°Q - a, d[; [0, a]) and x G Cg°Q - c, c[; [0, lj) such that 

u cv 

f<-P on [-6,-], /(0) = -, 

X = 1 on [-|, |], x > ^ on [-|, -], x < ^ outside [-|, |]. 
Then the weight function 

4>(y,v) = f(vn)x(\yn\)x((Nk^\y'\) x ((Nk)l\fj'\) 

satisfies 

Co/3 
64 



(6.51) \H Po ^\ in n u 



.a a — 3d. a ~ 
(6.52) H < max(-, — ^) = - in fi 2l 

where Supp^ C U (I2 U ^3 , with 

n 1 = v c/2 x[-b,%\, 
n 2 = (v c x[-b,d])\n 1 , 

n 3 = V c x [-a, -b] 

and 

V c :={(y,fj'); \{y' ,fj')\ < c(Nk)* , \y n \ < c] . 

Remark that C W(/i) if a, b are suitably chosen. 

A microlocal exponential estimate leads us, in our case, to 

9 2 \\ {H fK) ^)e^ rh Tv N \\ 2 < C{k l ' z + 3 )\\e ei,/h Tv N \\ 2 + | \e^ /h TP N v N \ | 2 , 
for a small parameter 9 and for each fixed L, N = L/5l. Let 6l be such 
small number that C(^^- + 0) x < i holds for sufficiently small h, and 
let denote again by 8l the minimum of 5' L and Then we have, by (|6,5ip . 
(6.53) 

for some constant Cl > 0. First using (|6.52|) and |/| < a, one can estimate 
the RHS of (|6~53l by. 

2e aS ^\\Tv N \\ 2 L2{fl2) +2e aS ^/~ h \\Tv N \\ 2 L2{Cl3) + C L e aS ^/~ h \\Tv N \\ 2 , 

and next, by using (|6.45p . (|6.43p and (|6.46p (observing that (|6.47p is satisfied 
with x = ir x exptHp for all — d^ 1 <t<0), by, 

C' ( e (f +T L )*t/* + e ip-\¥ L /h + e (a* i -4)A 



The LHS of (|6.53|) is estimated from below by 

»(fli) 



W T%|| 2 ^ > ||e 5 ^T%||| 2(m)) > eB^A||r%||| 2(v(5i))! 
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if <5i is so small that ip > | on V(5i). Thus we obtain 

This implies (|6.48|) . if one takes a and 5± sufficiently small. □ 

On the other hand, if \x\ < 5[ for small enough 5[ and £ 6 M n \Vg(<5i) (where 

we set ^(fc) = {£• (Nk)*\£'\ + \£ n \ < 6 t }), then p N (x,£) > c\£\ 2 for a 
positive constant c, and again, standard techniques of microlocal analytic 
singularities (see, e.g., |Maf j Theorem 4.2.2) show, for any m > 0, the 
existence of some e m > 1 (still independent of N), such that, 

(6.54) IKO m ^||^( { |*|<Mx^(W = 0(e- £m/Jt ). 

Gathering (|6.48|> and (16.540 . we obtain, 

\\(O m Tiv N \\v m < Sl}x ^) = 0(e~W h ). 
In particular, using the fact that, 



\Tiv N n2 



L 2 ({|x|<<5i}xIR™) 



{2Trh) n c\ / e'^-^ /h \v N (y)\ 2 dydx 



> (vr/i)-™/ 2 / e-(*-*> / h |%(jf)| 2 dydx 

J|x-y|<VX,|y|<i5i 

\ -n/2\\~ 1 1 2 

- 7 l|U7V|l i 2 ({l^'l<K})' 

(where 6 n stands for the volume of the unit ball of W 1 ), and turning back to 
the previous coordinates, we obtain, 

\\ v N\\L^({\x'\<^S' 1 {Nk) 1 / 2 ,\x n \<^6[(Nk) 2 / :i }) = ®(h 5 i L ). 

In the same way, working with {£,} m TiVN instead of T\vm, we also find, 

\\ v N\\ H ^{{\x'\<lS' 1 {Nk) 1 / ,2 ,\x n \<\8' 1 {Nk) 2 /' 1 '}) = ®(h S i L ), 

for large enough L. Since L is arbitrarily large, (|6.1|) holds uniformly in 
W(tjv,/i) by standard Sobolev estimates, and since x € dO was taken arbi- 
trarily, Proposition 16.11 follows. 

7. ASYMPTOTICS OF THE WIDTH 

We calculate the asymptotic formula of Im p(h) using the formula (II. 2p and 
the results of the preceding sections. 

Let W a C M. n be an N, /i-dependent open domain containing defined by 
W a = {x;dist(x,0) < a(Nk) 2/3 } 

for 1 < a < 2. 

The boundary dW a is in Un for 1 < a < 2. Hence, replacing u by u>cn in the 
formula (jl.2p by using Proposition 15.21 and noticing that | \u\ \l 2 {w n {K)) ~ 1 
is exponentially small, we have 

(7.1) lmp(h) = -h 2 Im [ ^E.wUWdS + 0{h 2L e- 2S l h ). 
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Moreover, the domain of integration dW a can be replaced by dW a n Un,i 
using the facts (|4.37|) and Proposition 14.61 (i). 

Then we can substitute the asymptotic formula (|4.38p into the integrand of 
(|7.ip ; for any L large enough, there exist 5l,cl(= 1/C^) > such that for 
all N > L/5l, one has 

h 2^L WdF=h l-n/2 e -2^$)/h x 

on 

d la^ k + h d ^T^h^ k + 0(h L )}. 

The vector field 91 q^^ • J| is transversal to the caustics C where Im0 = 
Im</> = 0. Let t be the one-to-one map which associates to a point x in 

dW a n L/jv,i the point y = l(x) on C such that the integral curve of ■ 
emanating from y passes by x. 

Lemma 7.1. On dW a r\U^ t \, the function Re (f>(x) reaches its (transversally 
non-degenerate) minimum S at t -1 (r) modulo 0(/i°°). More precisely, one 
has, 

Re&aOle^ntf*,! = H^)) + 0(h°°), 
Proof. This is a direct consequence of (|4.8|) and (|4.26|) . □ 

Lemma 7.2. Lei x G dW a n E/jyij a^rf y = £ C. There exists a family 
of smooth functions {(3' m (y, dist(x, C))}^ =0 defined in C x [0, 2(iVfc) 2 / 3 ) ? with 
P'o(y,0) > 0, such that, for any large L, there exist 5l,cl > such that for 
all N > L/5l, one has, 

- h 2 lm ^CN WUW=h l-n/2 e -2(S +m) /h x 

on 

' ' 2L+2c L N\\nh\ + l 1 \ ~ m 

£ P' m (y,mk) 2/3 )(Nln-) +0(^ 



m=0 

Proof. We know by KTTb and that 
Slme 



(dist(x, C) 1/2 ) , 5^ = (dist(:r, 



dn 

It follows that, for j + k = m, 



(7 \ m 
— 

an \iVK / 

In particular, the principal term (3' (y,Q) is positive. In fact, 



TO+l 



/^,<^) 2 / 3 ) = £|a | 2 . 
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In local coordinates as in §4, d/dn = (0(\x\)d/dx' , (1 + 0(\x\))d / dx n ) by 
HEP , and 

<jIn ^|5 | 2 = O(|x'|) + O(x n + 6(x')), 



<9ar 

<9Im0 2 7rco(s',^(a?')) 2 

«0 



<9x„ vi(x',£°(x')) 
as x n + fe(x') tends to 0, by (|QHj) and (jlTF) . □ 

Now expanding j3' m in Taylor series with respect to dist(x, C), we obtain 

2L+2c L N\ \nh\+l _ m [3L/2]+l 

-Im /9 = / l 1 -"/ 2 e- 2S / /l ^ ( Arin ^J E ^'" 3m/2 (^) 2i/3 

•m— n \ / -i— n 



e-WvVhfa J y ) dy +Q ^ h L+l-n/2 e -2S/h ) / g-S^/^y. 

en(7]v,i ' Jenu N:1 

To the integrals of the RHS, we apply the stationary phase method using the 
assumption (A4), which means that the phase <f>(y) attains its transversally 
non-degenerate minimum on the whole submanifold T. For any large L, we 
obtain, 



'2,-1 



+ 1, m < 2(L + c L N\\nh\) + 1 } . 



e' my)/h (3' m ,(y)dy = h^ 1 -^ Yl d ^h l + 0(h L ) , 

enU NA ' [ l=0 J 

where {dij jTn } is a family of real numbers with do,o,Q > 0. Here nr = dimr. 
Hence we have 

- h -(l-nr)/2 e 2S/h lmp{h) = 

{ 1 \ ~ m 

(7.2) d itjtm h l k 2j/3 I In- J (iV 2 / 3 5) J '- 3m / 2 + 0(/ l L ), 

where 

N=|(U,™)eN 3 ;Z<L-l, j< — 

Lemma 7.3. Lei (l,j,m) £ !N. T/ie rea/ number di t j tTn vanishes if j — 
3m/2 / 0. 

Proof. Observing that ft << fc 2 / 3 << | In /z| 1 , we introduce an order 
relation in the set "N. We write (l,j,m) < (l',j',m') if one of the following 
three conditions holds: 

(i) / < /', (ii) I = l' and j < j' , (hi) I = I' , j = j' , and m < m'. 

Suppose there exists dij im ^ with j — 3m/2 7^ and let (lo,ja, mo) be the 
smallest among such (l,m,j)'s. Then the RHS of (|7.2p becomes 

£ di J >fc ,+m + d lodo>mo h lo k-^ (in 1) m ° (iV 2 / 3 ^ "^ 



(i,i,m)<(2o,io,"io) 



+0 ( h lo k^ ( ln-^ 
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Here, 5 is an arbitrary number varying between 1 and 2 and di j m are inde- 
pendent of 5. On the other hand, the LHS of (|7.2p is independent of 5. This 
is a contradiction and we have proved Lemma 17.31 □ 

Then the proof of Theorem 12.31 follows from (|7.2p and this Lemma 17.31 since 
for j — 3m/2 = 0, one has 

1 \ ~ m 
In A] jb=y/3 = /l r. 



h / 

8. Appendix 

8.1. Holomorphic 5- Approximation. Let / = f(x) be a smooth function 
on R n uniformly bounded together with all its derivatives. A function f(x, y) 
on IR 2n is said to be an almost- analytic extension of / if, 

f(x,0) = f(x), 

and, for all a G Z+ 1 , 

as \y\ — > 0+, uniformly with respect to x. We can construct an almost- 
analytic extension (see, e.g., |MeSj| ) by setting, 

(8.2) /(*, y)=Y, ^9 a f(x) f 1 - X f n 

^— ' a! \ \ \y\ 

where x G Cq°(M) is a fixed cutoff function that is equal to 1 near 0, and 
(ea)aeN™ is a decreasing sequence of positive numbers converging to suffi- 
ciently rapidly. More precisely, we choose e a such that, for any j3 < a, one 
has, 

|y|sup|(l- X ( £a /|y|))^/|<a!. 
Then, the corresponding almost analytic extension have the following ele- 
mentary properties: 

Lemma 8.1. Let f be as above. 

(i) : If f(x,y) and f(x,y) are both almost- analytic extensions of f(x), 
then, for any 5 > 0, one has 

f(x,y)-f(x,y) = Q(\y\°°y, 

sup \f(x,y)\ < mm {sup |/| + 2, sup |/| + 5(1 + sup | V/|)}. 

\y\<S 

(ii) : Let f be an almost-analytic extension of f and let I\, . . . , I n C 
R be bounded open intervals. Then, for any 5 > there exists a 
function fs, holomorphic in T$ := {z £ C n ; dist(zj,Ij) < 5, j = 
l,...,n}, such that, for all a £ Z^™ ; (3 € Z™ ; and N > 1, there 
exists C(a,N) > 0, such that, 

(8.3) sup d a (f s (x + iy)-f(x,y)) <C(a,N)5 N ; 



(8.4) sup|9fM< sup \f(x,y)\rWpi, 

z£T s x+iyeT 2 5 
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uniformly as 5 — > 0+. (Such a function fs will be called a holomor- 
phic 5 -approximation of f on 1% X • • • X I n .) 
(iii): Suppose n = 1 and f(x) is real valued. If f'(xo) ^ 0, then any 
almost-analytic extension f(x,y) is one to one in a neighborhood of 
(x,y) = (xo,0) and the inverse / _1 (n, v) defined in a neighborhood 
of (u,v) = (/(xo),0) is an almost- analytic extension of f~ 1 (u). 

Proof. The proof of (i) is easy and we proceed with that of (ii). We denote 
by j(6) the (positively oriented) n-contour, 

7 (5) := {CeC; dist(£j,I) = 25, j = 1, . . . , n}, 
and, for z E 7(5), we set, 

f < ^ 1 f /(Re C, Imp 

(2z?r) n i 7(a) (Zj - Cl) • • • (^n - Cn) 

Then, is clearly holomorphic in r,5, and since |zj — £?| — 5 for C E 7(5) 
and 2 G Tj, (|8.4p is obtained in a standard way by differentiating under the 
integral-sign. Moreover, for z = x + iy S T$, we have, 

75V ^ (2i7T)" 7 7(5) (Z! - Cl) • • • (*n " Cn) 

and, using the notations d z = \(d x — id y ) and d z = \{d x + id y ), we see that, 
/(ReC.fcnC) -/(*,!/) 



= {C~z) (d z f)(t(+(l-t)z)dt + (C-z) (d z f)(t( + (l-t)z)dt, 
Jo Jo 

where d z f(z) stands for d z f{x,y), and similarly for d z f{z). Therefore, since 
/ is almost-analytic, and | Im.z\ + | ImCl = 0(5), we obtain, 



n „ 

iW) = E/ TT 

~^7(5) 11^ 



/,(•-) - /(.>•.//)-> ' / Fj ^ C) dCi...d( n + r(x,y), 



with Fj^C) := fo(dzJ)(K + (1 - and d°r = 0(5°°) uniformly. 

Thus, since Fj(z, C) Ylt^tj(z£ — Ct)~ l depends smoothly on Q in the domain 
Aj := {(j ; dist(Cj, I) < 25}, by the Stokes formula, we obtain, 

" r d c .FAz,Q 
f s (z) - f(x, y) = -1 > / J — dCi • • • dCn A + Hx, y), 

with 7j(5) := {Cj G Aj, dist(6,J) = 25, £ ^ j}. Then, ([83]) follows from 
the fact that d^Fj = 0(5°°) together with all its derivatives. 

Now, we prove (iii). Let us use the coordinates (z,z) = (x + iy,x — iy), 
(C, C) = (tt + iv, u — iv) and regard / and g = f^ 1 as functions of (z, z) and 
(C, C) respectively. Then 



f(g((X),g(C,0) = <- 

Differentiating by C, one gets 

dzfd^g + B z fd c g = 0, 
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where d z = £( £ - 9, = §(£ + i£) and d c = \{f u - ifa, c\ = 

Since d z f does not vanish near xq by assumption, we can conclude that 
d^g = 0(\v\°°), i.e. g is an almost-analytic extension of f~ l {u) if d z f is, as 
function of (u,v), of 0(|v|°°) as v —* 0. 

First, 9 2 / = 0(|y|°°) since / is almost-analytic. On the other hand, since 
/(a;) is real-valued, we see from (18. 2p that u = f'(x)y + 0(y 3 ) as y — > 0, and 
since f'(xo) / 0, we also see that y = 0(v) as v — ► 0. Hence <9 Z /" = 0(|u|°°). 

□ 



8.2. A Priori Estimates. We recall some a priori estimates. The first is 
the so-called Agmon estimate (see for example |HeSj2| , |Malj ): 

Lemma 8.2. For any h > 0, V G L°°(R n ) real-valued, E G R, f G 
and real-valued and Lipshitz on M. n , one has 

Re (e^ h (-/i 2 A + V - E)f, &l h f) 

= \\hV(e^ h f)\\ 2 + ({V-E-\Vv(x)\ 2 )e l P/ h f,e^ h f) 

The second is a microlocal estimate originated by one of the authors ([Ma2j). 
For u(x,h) G S'(M. n ) and fj, > 0, we define the so-called FBI-Bargmann 
transform by the formula, 

(8.5) T^u(x, C, h) = Cfl [ e «*-vK/h-tix-vr/2h u(Vf h)dy ^ 



where c M = ^ n / 4 2 n / 2 (7r/i) 3n / 4 . The operator T M is unitary from L 2 (M. n ) to 
L 2 (M 2n ), and e^ / 2fMh T^u(x,£) is an entire function of z^:= x — 

Proposition 8.3. Lei m G 5 , 2 n (l), d > 0, p G S2n((£} M ); anc ^ denote 
by p a {x,i;h) an almost- analytic extension of p. Let also k := hha.j-, p G 
[—1/3,1/3] and ip G C°°(IR 2ri ; R), possibly h-dependent, and verifying, 

(8.6) flg^V = (V^W 1 ^^)) , 

/or any a, (3 £ Z™ , wni/i, 

1 2 

(8.7) - — min(/3, 0) < a < - — max(p, 0). 

Then, taking \i = Ck p (with C > constant arbitrary), for u, v G L 2 (M n ), 
one /ios, 

(S.^/T^Pu^V) = ^{x^h-^T^hT^v) 

p(x, C; 7i) = m(x, C)Pa(« - 2k^~ 1 d Zll tp, £ + 2ikd z ^) 
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where we have set d Zfl = [d x + ifid^/2. 

In particular, if p is real-valued, one obtains, 

(8.9) Im(/r^T M Pu, h-^T^u) 

= k((H p i; + q^x, £; h))h^T^u, h~^u) + 0(h)\\{i) d h-^u\\\ 

with, 

n 

q^{x,£\h) : = h^^2(d^d it p)d^d Xe ip 

a6K 2 ™ 
2<|a|<3 

Proof. We follow the proof of |Ma2j Proposition 3.1 (see also [BoMij The- 
orem 3), and we do it for d = only (the general case d > can be done 
along the same lines and is left to the reader). We have, 

I := (mh-^Pu,h~^v) = -J^ J e^ h m(x,0 P (^^) X 

(8.10) xu(x')v(y')d(x' , rj, y, y',x, £), 
where the integral runs over M 6 ™, and where we have set, 

(8.11) $ = 2hj,(x, + i(y' - y)£ - | {x - y f - |(x - y'f + i(y - x> 

Then we observe that, by construction of p a , for all Y = (y, rj) £ M 2n and 
X = (x - 2kfi- 1 d z ^(x,C),C + 2ikd Zli i>{x,£)) £ C 2n (and setting X s := 
sY + (1 - s)X, < s < 1), we have, 

= r( (F - Y )^ ( - Y -» +2!im ^i^») <is 

(8.12) = (X-Y)-b 1 (x,(,Y) + n (x,(,Y), 
where b\ and are C°° on M 4n and verify, 

(8.13) d^d^n = 0((l + k T - a ^- ( - 1 - a ^)\lmX\ co ) = 0(h 00 ), 

for all a, (3 S (Z + ) n , 7 G (Z + ) 2n , uniformly on M 4n , and with r := min(l — 
a, 1 — a — p, a, a + p). (The last estimate comes from the fact that | Im X\ = 
Oik 1 / 3 ).) 

In the same way, one also has, 

(8.14) h(x, e, y) = h(x, e, X) + B 2 (x, £, y)(x - y) + r 2 (s, y), 
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with, 

(8.15) d^d^B 2 = 0(1 + k T - a ^- {1 - am ); 
d^d^r 2 = 0(h°°). 

Inserting (pTHj) and (|8~T1D into (pTLOj) . we obtain, 

(8.16) / = (mp a {X)h-^T^u, h^T^v) + R 1 + R 2 + R ?J 
with, 

(8.17) Xm(x,£)d(x',ri,y,y',x,g), 

(8.18) xv{y')m(x, £)d{x' , rj, y, y' , x, f ), 
where we have set, 



y ~t~ x' 

B := B 2 I x,£, — - — ,ry 



and, 



^_ /V t y + x ' „\ „i ,',77777 



(8.19) xm(x,£)d{x',r],y,y',x,£), 
where, 

r(x, £, V) := (X - Y) ■ r 2 (x, £, y) + n(s, £, y). 
Then, as in [Ma2, BoMi], we observe that $ verifies, 

L($) = X-(^,r ? ) ; 
with L := 7}(—[i~ l d x — id^ — id v ,id x — fid^ + 2id y ). As a consequence, 

e* /h {x-( V -^^=hL{e^ h l 

and 

(B ■ (X - ( V -±^,v)),X - ( y -^,v))e^ h = h\B- L, L)e^ h =: h*Ae*/ h . 
Thus, making an integration by parts in (|8.17p . we obtain, 

(8.20) R x = h(p 1 (x,t)hr rl 'T lt u,h-*T lt v), 
with 

Pi(x,C;h): = ^ L (m(x,0^p(X) 



dReX 
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(here L stands for the transposed operator of L). In the same way, making 
two integrations by parts in (|8.18p . we obtain, 

R 2 = h 2 {h-^ f u,h-^v), 

where we have set, 

(8.21) / (x, £, V -^, r ] )= t A- (m(x, £)), 



and, 

T Mj n(x,0 :=c„J e <-^A-K-!/) 2 M 0p ^ /(X) ^ .)) u ( y ) dy . 

In particular, by (|8.15j) and (|8.7j) . we see that, 
(8.22) d^d Y f = O(jfe- 1 -°W-( 1 - O )l/ J l). 

With the same notations, we also have, 

R 3 = (h-^ mr u,h-^v). 
Now, for g £ {/, mr), we observe, 

T^ g u(x,0 = [^Op^Oc^, •))«(*, 0] 



x —x ; 



and thus, applying a slight generalization of [MalJ Proposition 3.3.1 to the 
case / 1, we easily obtain, 

(8.23) T^ g u(x, = Op h (g)T^u(x, £), 

where Op^(g) stands for the semiclassical pseudodifferential operator with 
symbol, 

g( x , x >, e, c', **, r ) == e, - r, o- 

Here, x* and £* stand for the dual variables of x and £, respectively. Then, 
writing, 

i>(x, o - ttf, O = - x')^i + (c - o^2» 

(with 0j = (f>j(x,x' h) smooth), applying Stokes formula and, in the 
expression of h~^Op h (g)h^ , performing the change of contour, 

R 2n 3(x*,e)^(x*,e)+iH<t>i,<t>2), 

we see that h~^Op h (g)h^ is an /i-admissible operator with symbol, 

x ~\~ x* 

9ip(x,x ■= 9a(x,C, — - C -ik(p 2 ,x* +ikcj)x), 



where g a is an almost-analytic extension of g. Moreover, by (|8.6p . we see 
that and verify, 

d« x ,dl^! = o^-^H+t 1 -^!)); 

and thus, using (|8.15j) . (|8.22j) . the fact that k > h, and the Calderon- 
Vaillancourt theorem (see, e.g., [MalJ Chapter 2, Exercise 15), we obtain, 

\\h-*Op h (J)h*\\ = Q{k- 1 ); 
||/T^Op ft (mf)/^|| = 0(h°°), 
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and therefore, 

R 2 = O^k^Wh-^T^uW ■ ||^7>||); 
R 3 = Qih^Wh-^uW • II^VH), 
so that, by (pJ6|) and dOll) . (jEEJ) follows. 

To prove (18. 9h . we first observe, that, by a Taylor expansion, we have, 
p a {x - 2/c / u _1 <9 2f >,£ + 2ikd z ^) 

= (p- kn^V x pV x ip - kfj,V^pV^tp)(x, £) + ikH p ifj(x, £) 

+ E ^^5>(x,e)(-^- 1 a,>,^ M V') Q + o^ 4/3 ), 



2<|a <3 



and thus, in particular (since k^ 3 = 0(h)), 
(8.24) Imp a (x - 2k f i- 1 d z ^, £ + 2ikd z ^) 

= kH p ^(x,0+ ^ r d a p(x,OM(-^ 1 d z ^,id z ^) a ] + 0(h). 



aSN 2n 
2<|a|<3 



Moreover, using (|8.6p . we also see that, 

= iT^pix, () - id iP (x, () + 2kM(x, ()'%J'(x, () + 0(k 2 ' 3 ), 

where M is the n x n-matrix-valued function, 

M = -^ 2 {V x -V x )p + iii- 1 {V i -V x + V x -V ( .)p + (V r V i )p 

= (V r V 5 )p + 0(A; 1 / 3 ). 

(Here, we have used the notation V x ■ = (d Xj d^ e )i<j/< n .) 

Since applying d z makes lose at most fc -2 / 3 , one also easily obtains, 



d z 



1 dp a . dp a 

l- 



[i d Re x d Re £ 



{x-2kix~ 1 d z ^,i + 2ikd, V) 



= ^p + 2k ]T (d^ lP )d 4 d z ^(x,0 + 0(1), 

and thus, if p is real- valued, one finds, 
1 dp a . dp a 



lmd z 



k 



[id Rex d Re £ 



(x-2k f i- 1 d z ^^ + 2ikd z ^) 



o E K%%?>)0%^ + a* f + 0(1) 



(8.25) = E + 0(1). 

Then, dEJl immediately follows from (I8~2l) - (l8~25l ). 



□ 
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